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INTRODUCTION. 



Arithmetic contains the first elements of reasoning 
upon Quantity i its principles take their rise in ideas so 
simple as to be adapted to the mo9t untutored mind^ and 
to the lowest capacity. It is at the same time so indis- 
pensable for every human being, not only in common life, 
but in the pursuits of the highest sciences, that it forms 
the most proper, and has always formed one of the princi- 
pa],branches of the earlier education of youth. 

By its very nature it f«rmshes the means of developing 
the reasoning faculties, from the time of their first begin- 
ning to expand, and of habituating them to correctness and 
precision. It therefore gives the human mind the power 
and disposition to reason upon «ofine^and correct PrincipleB, 

It is therefore the duty of the faithful teacher of youth, 
(not the mere teacher for his own private emolument,) to 
take advantage of this property of arithmetic, and apply it 
to cultivate the mind, and enlighten the undeirstanding of* 
his scholars, by a proper reasoning in this elementary sci- 
ence ; he should not make it the object of the memory 
alone ; a method that leaves no impression upon the mind, 
whose results are in consequence lost again as soon as 
the school is dismissed. 

To neglect to take this advantage of the study of arith- 
metic, is either a proof of ignorance, or an actual derelic- 
tion of duty. This may appear strong to many people, 
^ but strength is the essential property of truth. I can safe- 
' ly af^al to those who have in early youth been taught by 
the negligent method of mere rules, and have at a later 
period attained scientific eminence, to decide between this 
and any contrary assertion. 

The difficulties that the young experience on entering 
upon apy scientific studies, in colleges, or otherwise, are 
well known ; the path to be followed Uiere, mu9t be that 
of reasonings and no preparations are made for this by 
rneur previous education ; for the cultivation of the memo- 
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ry alone, is/from the very oonstitutioii of the human mind, 
8]wa3rB detrimental to the reasoning faculty. 

However, the opportunity^ as has been stated, exists, of* 
cultivating the reasoning faculty at an earlier period, by 
familiarizing the scholar with the simple reasonings of ele- 
mentary arithmetic. The step from that to higher or ge- 
neral arithmetic, usually called Jllgebra, becomes by this 
mode, both short and simple, as in its nature it really is ; 
and the scholar who does not wish to go farther than com- 
mon arithmetic, can alone obtain the knowledge of the 
propriety or principles of its application to any occurrence 
in common life, by a kuQwledge of it, founded upon correct 
reasoning. It is entirely wrong to say, and act upon the 
ground, '' / ioant to know how to do this or that," die prin- 
X ciple must be, " / wish to understand this or that," if ever 
any lasting good result shall be obtained. 

My object in undertaking this work, may be stated as 
. follows : 

Ist, I wish to smooth the path of the teacher and the 
scholar, by explaining and proving, the propriety and cor- 
rectness of any step that is taken, by previous reasonings, 
leading to the discovery of the principle that ought to di- 
rect it, and therefore pointing out the rule for the appro- 
priate operation ; and I have, therefore, not been content 
to give the final result or Rute^ alone, and the example for 
its proof, which is an individual, and consequently a defec- 
tive proof, while reasoning always leads to general propo- 
sitions and proofs. In this way we attain, step by step, to 
the real scientific structure of ^s elementary science, and 
thus all the operations become satisfactory to the mind, and 
therefore agreeable to the growing intellect of the scholar. 
It is a mistake to suppose that children, at the age at 
which it is proper to introduce them into this study, do not 
possess sufficient reasoning faculty to follow a regular sya- 
temalic course of ideas ; they will do that with much greater 
facility, than commit to memory, and duly apply, detached 
Rules, and unconnected Ideas* One idea producing the 
other by its connection with it, there exists a mutual support 
and assistance between them, which detached rules have 
not. This underrating of the faculties of youth, is an un- 
happy result of the habitd of older persons, who h&viiig 
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been led through many useless difficulties in 

of tbw own studies, consider them as indiej) 

cause they have become habituai to themselv 
In carrying such a system through the whi 

that point where more general and extensivi 

tions, of a higher analytic nature, are to guid 

even thought it possible to make a treatise, wti 

science might look at with some satisfaction, i 

the young scholar would arrive at the entrance 

scientific studies, propedy prepared by a con 

reasoning. 

2nd. The young and untutored mind, in truth, reasons 

analytically; a boy, and m fact a roan, asks always WHYi 

and as he enters more and more deeply into tiie investi- 
gation, continues to ask the reason of every thing that is 
stud to him, in the way of explanation. Thisia owing to the 
nature of his situation; he cannot proceed synlhelically, 
for synthesis needBSomepreviouBdala,Bverreci or adopted, 
on which to build the reasoning to arrive at a conchision \ 
this does not yet exist at this early stage of instruction. 

In following this mode, and grounding every conclusion 
upon inquiry, 1 intend to make -a book which a lad, remote 
from cities, although he might hot have had the benefit of 
a good>arly education, can tako in hand usefully ; and 
which merely a knowledge of reading, coupled with his 
own desire for instruction, would induce him to undertake 
as a study, both useful and agreeable ; useful, because It 
would show him the means of accounting tohimself for the 
result of hia own labours; and agreeable, because it would 
afford him a pleasing occupation for his winter evenings. 
I should be delighted to see several such lads, passing an 
evening together, with this book among them, each his slate 
and pencil before him, discuasing, mutaolly ^viug and 
solving, the questions which they learn frpm it, to form out 
of the occurrences around them. I can promise them 
more satisfaction from it, than paaemg that time in the bar- 
room of a public house ; and more beneficial, economical 
results, from the expenditure in book, slate, and pencil. 
In assist Uieir studies : (for they must write every thing,) '^ 
than were they to lay out the cost in the vile liquor, that 
emptiness of ini»d le«ds Ihem to call for ; they will soon 



bd able to calculate: totthejerennaakeafaviBg, iftkey^ 
write their loU studies, ideas;, and questiooS) on peyor^ 
with pen and ink, in compaiisoB witk the expenses ef tine 
deleterious pleasures of a bar-room. If I should succeed 
onlj in this part of my aim, I would consider mj labour 
as sufficiently rewarded ; and I would have the greatest 
enjoyment, to meet with such a company, afford ikmm 
assistance, and partake of their rational amusement. 

For the use of this book, I should Uke to advise, the 
teacher, as well as the student ; first to peruse, attenthrely 
the theoretical principles of any rule or subject, and then 
exercise his scholars, or himself, in tibe application, wl^h 
will give him an opportunity to generalize, and clear up 
their, or his, ideas properly ; and after having gone through 
any of the principal sub^visions, to take a general view of 
the %rhole of it ; taking care to comprehend the leading 
principles, and the mode of considering the subject that 
has been treated of; in this way he will be emibled to 
make a proper use of it in the parts to be treated next. 

It is an unavoidable condition m every systematic work, 
that the subsequent parts shall be grounded upon the pre- 
ceding ones, and consequently these must be supposed 
known in the progress of the work, as it proceeds. There- 
fore also the study of no systematic and good work, can be 
begun in any other part than at the beginning, by any scho* 
lar : that is, a person not fully acquainted with the whole 
sul}ject of the book, but seeking inslaruction from it. M 
any person thinks he already knows some of the elemen- 
tary parts, and wishes to study only the subsequent part, 
it is necessary for him to read over, attentively, the parts 
with which he is acquainted, to make himself acquainted^ 
with the manner in which the author expresses himself 
upon those subjects, upon which he has his own ideas* 
By comparing these together, he will afterwards be able 
to understand those parts with which he is not acquainted; 
and therefore read and study with success ; which o^er« 
wise will certainly not be the case.^ This is no more than 
18 necessary in every species of intercourse between men, 
namely, that they be acquainted with each others' Ian- 
gaage. F* B. HASSLBit 
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FIRST ELEMENTS AKD DEDUCTIOIT OF TH;B FOUB 

RU1.BS OF ARITHMETIC* 



CHAPTER I. 

Fundamental Ideas of Quantity. — System of ^umeraiicn* * 

§ 1. QUANTITY, which is the object of Arithmetic, 
is the Idea that has reference to any thing whatever, aria* 
ing from the coosideration of its being susceptible of being 
more or less ; without regard to the nature or kind of the 
thisg itself. It is not, therefore, aii absulute existence nor 
a quality ; but a relative idea, that can be referred to any 
object whatever.* 

§ 2. No quantity, therefore, can be called great or 
small, much or little, in itself; it can be so only in relation 
to another quantity of the same kind, which might be 
greater or^ less than that quantity, and to which it would 
be compared. 

§ 3. Objects of different kinds cannot be compared with 
each other directly by their quantity qnly« When, there- 
fore, Objects of different kinds are to be considered in 
Arithmetic, it becomes necessary : that a certain relation 
be given between them^ which is completely arbitrary aa 



* 8o for ioilMiae, compario<[; 3 thing;8 or objecti to 7 thinefs or 
objecU ; be these things 01* objects, bouses, horsei^ appIes,or wbal- 
ever they be, afithmfetio considers onfy the namben,. and lh« 
result inresented wQl^ in any casei refer to the objects ibey wer« 
origfiQaily to repreMttti 
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to quantity its^f, and must be determined before any com* 
parisoQ can take place.* 

§ 4. ^he mutual relation of quantities of things or ob- 
jects to each other, under certain given conditions, is the 
object of arithmetic. In this general acceptation then it ad- 
mits any number of systems of combination, that the ima- 
gination can devise. 

§ 5. To obtain a clear and distinct idea of arithmetic it 
is necesskuy, to impress the mind fully with these funda- 
mental ideas, and the general principles that follow from 
them, by comparing every operation of arithmetic with 
them ; Uiey will thus beoome at every step more and more 
clear and useful ; the whole system of arithmetic will be- 
come the more simple, the more ' its principles are gene- 
ralized. 

* § 6. Common arithmetic, which might also be called 
with propriety, determinate arithmetic, is limited to the 
most simple combinations of quantities and these are all 
grounded successively upon the first elementary idea of 
increase or decrease, or more or less, either simple or re- 
peated fioccessiyery, or according to a certain determined 
method, or law. .. 

§ 7. To express quantities We make use, in our system 
of common arithmetic, of ten figures only, by the means 
of which, and by their relative places, according to a cer- 
tain law, we can express any quantity whatsoever. This 
law is called the system of numeration ; and in particular 
the decimal system, from the circumstance, of its using 
ten different figures, nine of which are significant, and the 
tenth indicates the absence of the quantity (or thing, or 
object) 

§ 8 These figures are in regular succession 1, 2, 3, 4, 
5, 6, 7, 8, 9, and ; this last is used toidenote the ab- 
sence of a quantity ; the 1, denotes the unit of any object, 
m arithmetic called one, of whatever kind or nature it may 



* So can, for instance, houses and horses not be com pared to^f^e- 
ther, unless a value be at»igoed to them, for instance, in money ; 
and this at ooce explains the idea of money as a means of repre- 
tentins every object susceptible to become property, and thence 
needed to be compared with others not of th« same kind. 
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Wr the mibie^eiit figfirea deiKyto ui vegite tfuccemony 
each one objecrt more Siaa the one befoie it. 

§~9. To denote quantities whic|i exceed the atupber of 
significani figures, (or above 9,) recourse is had to a tow 
that assigns superior values to those figures, according to 
the order in s which thej are i>laced, assigning to them a 
value as many times greater, in every successive change 
of place from the right to the left, as the number of figures 
indicates ; and therefore in our usual system of ten figures, 
a tenfold value. This must necessarily be the law if the 
system be able to express ail quantities, because any other 
law, giving another relation of value to the places than the 
number of figures, would either leave a space of quantity 
unexpressed, or occasion double expressions, if it were to 
increase in a greater or less ratio than that number. (The 
circumstance of jthis increase taking place from the right 
towards the left originates in the fact, that this system is 
borrowed from thtf Arabic, or rather Asiatic, nations, who ^ 
have the habit of writing from the right towards the left, A 
instead of our writing from the left towards the right) 

§ 10. Thence we have for the successive values of the 
numbers, in their successive places from the right to the 
left, the denominations shown in Uie following table ; 

g g 

. ^ g 2 S 6 

QD 



o Soooo oo 

p"^j ^^^ *^^i ^"^^ ^^^ •■'♦^ ^^^ ^^^ 




_ CuW 5"' 

tt 5 So 

- - • • - &,&-ai« 

ST CQ CO * 

1 1,1 X 1,1 1 1,1 1 1,1 1 1 
Such would bfe the value, or denon^tioQ, of any figure^ 
placed in any one of tiiie places ; and. if no quantity of one 
of the other of these denominations 10 to be <«pres8e<^ 
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tb6 place of it must be supplied with a 0, in order id giro 
to the next figure its proper rank, tuid thereby value. 
^11. In readmg the numbers we follow our usual way 
ciPreading, and therefore express the greatest quantities 
first ; to render this reading more easy it is also customary 
in larse numbers : to divide offby a (,) every three figures 
from tlie right to the left, which ^vides them by hundreds ; 
so for example : 

689,347 would read thus : 

Six hundred and eighty-nine thousands^ three hundred and 
forty-seven, (understood units.) 

13,842,167 reads thus : 
Thirteen millions, eight hundred and forty-two thoi^aandsy 
one hundred and sixty-seven. 
Read the following numbers : 



1st. 


73,064 . 


; 9th. 


• 94,070,790 


2d. 


101,070,101 : 


; 10th. 


4,399,080,502 


3d« 


500,007 


; 11th. 


100,010,007 


4th. 


90,807,060,501 . 


; 12th. 


7,070,409 


5th. 


1,897,510,234 1 


; 13th. 


1,902,010,671 


6th. 


3,904,621 ] 


; 14th. 


70,070,432 


7th. 


70,009; 


15th. 


985,007 


Bth. 


501,030? 


I6th. 


101,074,000 



§ 12. It may be easily conceived, that other systen^s 
might be formed upon the same principles, and of course 
with the same properties,- as to the expression of the 
^eater quantities by the successive rank or place of the 
figures, and With any other greater or smaller number of 
significant figures ; besides .the (0,) which must, like the 
unit, make part of every such system of numeration. 

If no other figures were u^ed but (1) and (0,) that is 
presence or absence of the quantity indicated by any rank 
or place of figure, the value in each place will always be 
successively double of that in the preceding place, and the 
whole of the calculation would become a mechanical 
change of places ;* so for instance, in this system the foU 

*Thi8 flysteiDi ii called itid />ta<2tfc, invented by Leibnitz, expresf- 
ly to elucidate partiodlarly the effect of the system in Numeration, 
6i in it all effect of proper V9lue of Ihe numbers it taken away, 
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lowing numbers 111101^ transcribed into our usual deei- 
mal system, would be 32, 16, 8, 4, and 1 ; or (61.) It 
will be a very good exercise for the reflection of the scholar 
to try some of this kind of expres^ons in different systems. 
§JL3. It may also assist in rendering the prihciples of 
the decimal system more clear, to contrast it with the old 
Roman system of numeration. This consists in the use 
oC seven letters having each a particular sigpofication, as : 

M, for one thousand . 

D, — five hundred 

C, — one hundred 

L, — my 

X, — ten 

V, — five 

I, —unity. , 

In this system, therefore, the numeration consists mere- 
ly in writing as many of these letters as will make out the 
quantity desired ; and the whole arithmetic consisted in 
placing or taking away^upon a black board, as many marks 
under the denonunation of each of these letters, as tiie 
calculation required. A bad habit of the Romans, in later 
ages, introduced into this system anomalies, arising from 
their considering one of the 'figures of an mferior num- 
ber,, when placed before a higher <Hie, ad^ subtracted, or 
taken away, from h, as for example ; IT was written for 
four, XC for ninety, and so on.* 



CHAPTER n. 

, ' ■> 

Genieral Ideas, and ^oioHonB of li^. . 

JLriihmetic. 

§ 14. The first ^d simplest eomlmiation of qua 
and therefore, also the &rst and simplest operat 

and aoy value whatever is expressed bv denotitig^ the presence or 
absence of any irknk of qaaatity by the 1, or 0, placed in the rank, 
to express which, our language has no words, because this system 
it not in co|pmon use. 

• Some ezaorples of this will appear in the book of quettims, ai 
it would be too Idng to Itttrbdaee mete here. 
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tfitliaietic, from which all odien proceed, is called adHt" 
Uoiu Of iStuB we have already an example of the simplest 
kind in the system of figures, that presents the successive 
additions of unity in their regular order of succession, and 
therefore also presents the combination of the quantities 
by addition as far as the sum 9. Addition consists there- 
fore in finding a quarUity, or number, equal to two or more 
other qiumtitieg taken together; or, as it Is usually called : 
to find the sum of two or more numbers. 

§ 15. If on the contrary the difference of two quantities 
or numbers is to be found, the operation is called subtract 
tion. In this operation the smaller of two numbers, which 
is called the suhtrahendj is taken away from the larger one, 
and the result is called the remainder ; it is evidently the 
opposite of the foregoing. Only two quantities or num- 
bers can be concerned in a subtraction, for one result ; if 
more numbers are to be subtracted, it must be done by a 
new operation. 

§16. All the subsequent operations in arithmetic are* 
combinations of the two preceding ones according to cer* 
tain laws. 

§ 17. The additien of. the same mimber or quemtit) a 
certain numbir of timeSf is caUed mulHplicaHon, When 
tins is treated in detoiT, the manner in which the pnnciples 
of multiplication are deduced from those of addition, will 
be shown. The two numbers multiplied into each other 
are called factors^ and the result is caUed the prodmt, 

§18. The opposite of the operation of muUipUcation, is 
caUed dimsion* It represents a successive subtraction of 
the same number, a certain number of times, from another. 
The number from^ which this successtva subttaetioi^ is 
made, is called the divid&gd^ the number repeatedly sub- 
tracted, the divisor ; and the result the qmtiont; it mdt- 
cates how many timea the divisor 10 confined i%oir can 
be taken away fronv the dividend^ 

§ 19. These four operations of arithmetic, «dd(it<foi»^jSlt«^ 
traction^ MuHiplication^ smd Dimnon^ «r« called ^ fow 
Rudes ef arithmetic. It has been observed, that the second, 
is the oi^osite of the firsts and the fourth the opposite, of 
the third ; and such must be the ease in Jmy stysteai. of . 
combination of quantity that can be devised* In all 
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deduced and given for their ci^ecutioQ. 

J§^29/ T'O f^cibtate the 4^jx:pre9siGn <»f th^idQ» of ikese 
fo^ oj>eFa^cHil9, qr ;nlle8 ^f 4inilto]^eti9) certain signs are 
^ade jO^e.pf^ to incticat^ tiiem in an abridged manner, which 
J^ is proper giid yery ji^sefal ip undearstand at the very be- 
ginning ^ Uxeir- u^ will conduce to clearness in the eX^ 
pression of tho operations of arithmetic* 

To. denote an add^y^, the e^ (+) is Ufied» as for in- 
#twiee : if 7 and 2 are to b^ ^.dded, ;this will be written^ 
7+i!^ *nd in^be^iiwe way fe {More »umbe,rs. 

TfO deoote §. fiub^olicNay the sign {-—) is used, so fof ^ 
JSQ^BOM^ : to indicate ^a^iroB^ l&e vmibeT 7, the number 
^ is |0 be a«tbti«c^QEd, ^s will be wntton 7-r2, 

T« indicate a .mul^Ucation, tke nun^rs are separated 
hy^ fuH stopr (•) erJ^y thib.8ign> (X,) thus to indicate 
^e mdtt^ic&tidn jof 7 by 4, we write 7.4 or 7X4. If 
iwo or Bafeoi:« quaqtiAies akeady united by + or -r- ai^ to 
k» aibcted bf ttbe imilti^cation mik one numl>er, these 
iqpiiQiKtatieS' are Closed in, ( ) and the multiplier written 
to <fae», J» (^ Mwe n««>er as before to the single num- 
her, ior. iostance (7-^^) X 13 is ihe sum of 7 and 6 to 
be multiplied by 13. 

Tq jin^cate a division, two di^Te^ent signs are also made 
use of; either by placing two dots^ or the colon, (:) aft^r 
the dw aw toi id, and writing the dLvisor after ; or by writing 
tiie-^^sw uader the dividend, dep»ratiBg them by a hori- 
7Qctfal&i^,thtt8'8:^or I denotes iihatS is to be divided 
1^ 2. 

BcBidas these four signs we are yet in .need of a sign 
to encpEftss the e<|ualrty c^ two quantities ; this is done (by 
twohofibEoqitai pataU^ iines) thus, ■«*; 

'i^beftt ftigns wtUmiSee Iwre ; for odser forms of calcu* 
iation^ or comi>iQKtion, other s^gns are made use of; but it 
will be much e.a$i^r to understand their meaning when the 
subject itself is treated ; it is therefore more proper to 
pCMrtpone Ibeir explanation for <lie present 

t§^l. Aiitinito proper for. the ec^kr to exercise 
h wiip ujlf hst "the expi e iiii b tt ^f tshege «ig!», Jn offer iMet he 
mky beoeme fon^iiiar nith their import, and acquire clear 
2 
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idear <rf arithmetical operationa, I shall 'here join a few 
examj^es of the four rules of arithmetic, to whteh the 
teacher may add more. 

InJiddiiion* 7+9^16, means the addition of seven 

and nkio is equal to 16, or the sum of 7 
and 9, is 16. 7+3+8=18 ; orthe ad- 
dition of seven, and three, and eight, is 
equal to 18, or the sum of 7, and 3, and 
8, is 18. 
In Subiraeium. 13— *7=:^6, means the difi*eEence be- 
tween 13 and 7, is equal to 6- ; or 7 taken 
from 13 leaves 6 ; £o^ example : we shall 
have, joinings both tbe preceding nota- 
tions, 13+9— 8=22 — 8-^14;whi<*fUs 
y is shown foj^the above example, it will he 
easy for any scholar to express in words. 
But the idea conceived as it is written by 
signs is the best mod^ of expressing it* 
In J\iuUiplication. Expressed first as a repeated ad^ 

tion, tli.en by the appropiiate sign be- 
tween ihe two factors, and lastly its re- 
eult, or the Product, to which it is 4M]uid 
is [N^sented in the following example *' 

7 +'7 + 7 + 7 = 4 . 7 -= 4 X 7= 28,- 

5 + 6 4- 6 + 5 + '5 = 5 . 5 = 5X 5 = 25. 

- In Divuion^ If we express division by a successive 

subtraction of one number a certain 
nun]d>er of times from another, we shall, 
' in the case of this subtraction exhaust- 

ing the number, j-educe it to 0, and theite- 
by show that the divisor ^s contained in 
the dividend,' exactly as many times as it 
has been possible to sub^mct it, so we 
would have for instance,. 

30 — 6 — 6 — 6 — 6 — 6 = 0. 

Which showing thai six siibtracted five times from 30, and 
its Buccessive remainders leaves nothing ; therefore, if 
we express this as a division, hfiving the result, or quo^ 
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^ikiy as it is called, on the other 3ide of the sign ,of equa- 
litj) we obtain in this c&se the expression 

30:6 === V = 6 

If the successive suhtraction of the divisor^ should at last 
leave a number smaller than this divisot, it will give what 
is called a remainder, that is still afiected with the sign of 
division hy the divisor; s^ for instance in the following 
example : - 

36 — 8 -^ 8 — 8 — 8 -^ y = 4.+^f ; :. . 

This last part of the expression indicates a division that 
can no longer be executed, oh account of the divisor be- 
ing greater than the dividend ; it no longer giveB a whole 
quantity in the result ; these expressions are called frac** 
tions, and we thus have already the fundamental idea of a 
fraction, from which we shall hereafter deduce the princi* 
pies of calculation that are adapted to theiii. 

§ 22. By means of these explanations of the principles, 
and the notations of arithnieticfitis proper for the teacher 
to introduce his scholars to the sujbject, and prepare them 
for its future practical application, if he would not make it 
a study toilsome to thel^oy, and an equally toilsome task 
for himself. No teacher ever had a scholar, who did not 
ask him {tchy ?) when he directed him to do something ; 
and this why, the reasonable and faithful teacher must an- 
swer in a satisfactory manner; this will be rendered easy 
by the preceding process, elucidating the principles of 
arithmetic. The reasoninor of the child must h€ cultiva- 
led, if he is ever actually to understand arithmetic, and 
not forget it when out of school, or out of practice, aa 
will be the case, if he has only committed to memory dead 
rules for which he saw no reason. By such a process 
arithmetic wifl ever bo agreeable to the scholar, as an ex- 
ercise of hiiS intellect within the limits of his capacity. 
The time spent in explaining and reasoning with the scho^ 
lar upon those principles will be amply gained by his more 
successful and regular progress; in arithmetic, when ap- 
laying it to each individual rule cmd case. 



CJHAPTEft III. 
. The four rvXu of ArithmeHe in whole mmhi 

§ 23. ADDITION has been defined as the metfifdd 6f 
finding a quantity ec(ual to two or more quantities taken id^ 
gether. Its expression as a problem, is/therefore : to find 
tile sum of two or more quantities. From what h^ been 
said of the principles of the system of numeration, iti 
common arithmetic, it fbll6w9, that in order to prepare the 
gtv^n numbers for addition, they must be written umiber 
each other, so as to bring the units of the one under the 
units of the other ; and so all the numbers successively 
higher in the order of the system of numeration^ will each 
edme under its equal denominaiion ; by which means they 
iBfty be added the more easily. 

Then the numbers are added together, in this order, be- 
ginning cdways with the unit, and proceeding until we 
reach the last on the leA hand side4 

Example.— To find die value of 176873 + 34719. 



Write these numbers thus : 


176S73 


* • 


34719 


And draw a line beneath them ; 
then add the column of unitd, 


* , ■ 


12 


tens. 


8 


hundreds, 


15 


thousands, 


10 


ten thousands. 


10 


hundreds of thousands, 


1 



211592 

placing each particular sum so that the figure on the right 
hand shall be under the numbers added ; tlien draw a hne 
and add the numbers as they are now placed. The resurk 
thus obtained will' be the sum of the numbers added. It 
is evident here, that whenever the sum of any one of these 
individual additions, exceeds wlmt can, in our system eT 
notation, be written with a single figure, we had to place 
the figure coming to the lefl of it, under the next higher 
order ; and in the second addition, these numbers were 
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t 

tben added t0 the result of the addition next folloviring, 
Thia can therefore be done at once, by the following pro- 
cess* . 

, Having, as in the example, found the first sum, 9 and 3, 
whicfl rs 12, (or 9 + 3 = 12) the 2 is placed under the^ 
unit, and the 1 is kept iri memory, to be added to the' next 
operation, in this case to the sum of thetens, (this operation 
is called carrying;) so that in this next addition you say:. 
7+1 + 1=9 or 7 and 1 is 8, (as naarked in the exam- 
ple,) and 1 carried gives 9, wjiieh is immediately written 
to the left of the former result, or under the ten^ ; this' 
number can' be written entirely, and therefore gives no- 
thing to carry. The next or hundreds would give 8 + 7' 
=c 1^, or 8^nd 7 is 15 ; write 5 and keep, 1 ; then the 
next, 6 and 4 is 10, and 1 kept is 11 ; (or 6 + 4 + 1 =*='' 
11 ;) and so on to tiie last figure on the left hand. 

§ 24. If a greater nnmher of figured is to be" added, 
the same mode of operation is used^ only repeated as 
often as the number of figures given will require ; as for 
instance in the following example : 

To find the sum of 67421 + 389 + 641827 + 30 + 
4 + 7259 = 

Write these numbers all under each other iso that the 
units falj in the same column, and the other numbers suc- 
cessively under their respective places, thus : " 

67421 . 

389 
<V . ^41827 

30 

~ * * 

•' 4 • 

7259 - . . 



716930 



Then, having drawn a fine' beneath, begin agaia by say- 
ing, in the column of the units, 9'+ 4 + + 7 + 9 + 
1 = 30, write 0, and keep 3; then for the second column, 
or that of the tens, say : 3 + 6 + 3 + 2 + 8 + .2 =» 
23 ; write three and keep two, and proceeding in this man- 
ner to the last figure on the left hand i which will produce 
the 0um found In the example^ uncl'?r the line« It is 
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ceMary U> prttetioe ifueh eXmmpUa mtffioientl/y liiMS Ili6 
scholar can execute them with facility and acouraey^ ao 
that it hecomes to him an easy mechanical practice. 1% 
is proper to mi^^ the numbers of different ordbrs, as abote, 
at once, and not to distinguish separate cases, in ordev 
that the scholar may seize die principles of Ithe .operation 
intellectually, and with reflection, and not by mere memd- 
ry and habit. 

Examples.^^Giye the value of the following ^ numbers : 

1. 1,006,062 + 70,401+ 3,040,107 + 9,080,071,402 =- 

2. 17,040,109 + 50,201 + 701 + 30 + 6,000,127 = 

3. 70904 + 398126 + 8079123 + 98162763 ?= 

4. 87 -h 90005, + 1009646 + 309047 = . '' 

5. 773 + 104462 + 34983 + 81090406 w» 

6. 10,506 + 772 + 15,000,101 + 6,062 = 

7. 62 + 79 + 3,031,001 + 7,679 + 6,839 = 

8. 304 + 9,192 + 7,000,000 + 6,010,609 = 

9. 909 + 9^999 + 9,898,909 + 98,648 = 

§26. SUBTRACTION, as has been already said, is 
the opposite of addition ; its Problem is : to find the dif- 
ference between two numbers.. 

In common arithmetic it is always required, that the 
number to be subtracted be smaller than the number from 
which it is to be subtracted ; otherwise the result would 
become, what in universal arithmetic is called negative ; 
that is to say : in denying the possibility of the . subtrac- 
tion, it would indicate the number from which it was in- 
tended to be subtracted, to be so much too small to ad- 
mit this subtraction, as the number found, indicates. 

This operation is necessarily limited to two numbers, 
or quantities ; if more should be concerned in a question, 
the result must be obtained by a repetition of Uie operation* 

§ 26. Of this operation in simple numbers we h^va 
given the principle in the explanation of the signs, as in 
this case Of addition ; when the numbers are larger the 
following is the preparation and the operation. 

Write the number from which the subtraction is to ba 
made first, and the subtrahend under it^ in such a manher 
that the unit comes under the unit, and the following num^ 



itini, iff lh€ Utli i)tt6h uAder ftd siniiliir su^cdof , number, 
and ilraw d Utt6 undei^ th«m,ihus: 

9643187 

75d204S m» Subtrahead, 



3111144 «> Remainder, 

9643187 = Proof. 

then take the difference between each of' the correspond- 
ing numbers, beginning by the unit, and write the differ- 
ence dii^ctly under these numbers ^ the number resulting 
therefrom will be the entire difference between the Iwo 
given numbers. 

As well from the principle that this operation is the op- 
posite of the addition, as from the consideration of the 
preceding operation, it may easily be observed : that the 
proof of the correct execution of this operation may be 
given, by oddtng'the result, or remainder obtained, to the 
lower number abov^ the line, or the subtrahend ; which ad- 
dttt<Ai must give the first or upper number for its result. 
ft is tlierefofe proper to accustom beginners tp make this 
(nroof, in order that they may have the satisfaction of veri- 
fying the correctness of their operation ; drawing^there- 
fore 1^ second line under the ^edult, the two numbers im- 
mediately above tire added ; when the first number must 
again appear in the result. 

§ 27. Ip this operation it- may evidently occur : that, . 
though the quantity, from which^ another is to be subtract- 
M may be greater, some of ^ the individual numbers, of 
the inferior order, in the stibttahend, may be larger than 
those corresponding to them in the superior number. 

In this case it beconles necessary to supply the want 
by borrowing an unit fVom the next higher order of the 
upper number, which will then represent a ten in its 
corresponding ordef next inferior in place and value, 
and fhmishing of course always in addition to this num- 
ber itself a larger number 4han that in the subthihend, will 
ftMit ihe latter to be taken from it ; the remainder is then 
w)ntl0n in its- proper ptace; and if even the preceding su» 
paiior ttoiQ)>ef were an 0, the lending being considered as 



i 
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possibly from the preceding higher order, the opemtioA 

would be the samc^ an unit would be borrowed from it, 
and the number afterwards called 9 ; again under the sup- 
position before made of the lenc[ing being made from the 
next higher order, which, when reached, is considered as 
diminished by an unit. It is evident that if the superior 
number is larger than the inferior or subtrahend, this lend- 
ing will always be compensated before the end of the ope- 
ration, whatever be its extent, through the figures preced- 
ing the last on the left hand side. 
Let the following example be given. 

600199056—866499278 
Place the example as indicated^ thus : 



6001980^6 
356499278 

243698*778 



• -600198056 - . 

Here in the units the S canifot be taken from the 6, an 
unit is therefore borrowed from the 5, in the tens preeediog 
the 6, which added to the 6 give»^ 16, from which the -8 
being taken, leaves 8, to be written in the place of the 
units. (For beginners it wJU be proper to mark ev^iy 
figure from which, an unit has thus been borrowed, by a 
dot above it, which is done .in ord^r that it may not be 
forgotten to pay attention to it in propcr^time.) 

In the secoiid place or the tens we have then only « 4,* 
instead of a 5 ; we are thejcefore again under the necessi 
ty of borrowing from the next higher figure, though this 
be an 0, subtracting then 7, from 14, the remainder 7, is 
written in the proper place. In the place of the hundreds 
we have then a 9, by the effect of the foregoing borrow- 
ing, from- which the 2' subtracted gives the remainder 7, 
and the borrowing is now made from the place of )the thou- 
sands. By the preceding borrowing, the 8, in the order of 
the thousands has now become 7, and i^ again insufficient 
toadmit of a 9 being, subtracted from it; tlie borrowmgof 
an unit of the higher or$Ier gives. here 17^ from which 9 be^ ■ 



ing tc^en, givet ^ Ad- fenrninder. The 9 in thie tiexx higher 
order has now, by the lending, Become' an 8, in order to 
subtract the 9 below from it, a unit of the next higher or- 
der is again boh-owed, mdldng it IS, subtracting 9 from it, 
gives 9, as die remainder to be written. The unit in the 
next higher order having been borrowed, the Orehiaining, is 
made into a 10, by borrowing an unit frond the next higher 
order, from which 4 being Subtracted, ledvei^ 6. The next 
higher number beiilg a 9.b]^ the supposed borrowing from 
the higher order, and the same being the case for the next 
following 0, these two subtractions are made exactly like 
tinat io. the huodreds ; until ultimately the last left hand 
figure being a 6, hi^erthvnUie number ^ of 1hesubtrahen<f 
imder ily the subtraction is possible ; which being done,thtf 
number 243698778 presents the full remainder Required 
hythe 8ubtrftetion> or is the^diflforence between the two- 
given nuaal>er8. 
^ The proof of the correctness of this operation wilf 
' again be found by the addrdoa of the sub^hend and the 
i>eniaiiider|> which by earryii^s corresponding to the pre- 
ceding bonreiwipg, WiU' again gi^e in the ultimate sum thtf 
i^rst or upper nmnber, as seen by the example. Proper 
attention to the example here explained will teach how 
to act i» evevy case (hat may occur in subtraction, and itr 
wiU'b^pffoper for the o^^^ar to.be exercised upon a suffix 
cient number of expmples, that he- may acquire facility in* 
"Ibi^ operation. 

^ 28. There^ave two other .wapfs to perfonathis operas 
fien te obtain the same result $ but the above explained 
eouriM' cif reaseniBg is 'the one most' clos^y coimectedl 
with tbe nature c£ the queet^nf and ^ imf^ied requisites 
ef libe opeitRtie9 ^ it ii there&re proper Io keep the seho- 
lair to this coguidefation. When once he has gone throu^ 
the whole course of adtiime^e, he will easily see ^ two^ 
othev methods,^ which if taught at Ihis stage of the study 
wouM eonfuep his ideas, ^nd are therefore intentionally 
Ofl»itted h6re» 

HaSatlapUs.'^Giv^ the value of 

1st. • 6,045 — 5,909 =^ ' • 
2d. 82,795 — 69,899 =» 
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3d. 9,000,090 — 8,9«,97d = 

4th. 10,072 — 10,069 =s 

6th. Il,a99— 11,289 = 

6th. 12,000,988— 11,998,986 =« 

7th. 15,000,092 — 14,987,698 = 

8th. 989,689 — 979,968 = 

9th. 852,301 — 847,967 =» 

10th. 1,009,052 — 1,008,987 ?= 

11th. 3,090,965—3,008,764 = 

12th. 5,908,672—4,090,067 = 

13th. 1,064,512 — 943,639 = 

§ 29. MULTIPLICATION^ as has been stated, is 
the addition of a given number tepea^ted as man^ ^imes 
as' another number contains units, or indicates ; thus ereiy 
number is in itnelf the product of that number into the 
unit. It is indifferent which of the two numbers be con* 
sidered as acting^he one or the other part in the operation ; 
therefore they are both equally called Factors ; the result 
of the operation is cttlled the Product. 

li is necessary, in order to perform this operation with 
ease, in moi^ coonpticated caleulations, to commit to me 
mory the product of the nine numbers expressed by our 
numerical symbols. It is needless for written operatioiM 
to go any farther, because the higher multiplicatioiis over- 
reach, in writing, our system of numeration, and thence 
do actually not come into use. 

We have already seen tbattmr system of numca*atioii.is* 
a successive addition of the unit below 9 ; which being 
the last symbol of quantity, tlie next quantity is expressed 
by e change of place. If now we treat every one Vif the 
nine symbols in the same way^ by the successive addition 
of itself ; we obtain, successively, the product of each of 
these symbols in a similar manner^ thus forming what is 
commonly called the multiplication table. Writing there* 
fore the regular series of numbers as far as.9, in a horizon- 
tal line, add each of Jthem to itself, writing the result un- 
der it ; then to thid sum add again the number atihe head 
of the column, and so in succession, until the whole 9 
symbols are exhausted,^ we shall have the, following aym^ 
tern of results r . 
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n 



• • 


1 


2 


8 


4 

V 

8 


5 


6 

12 
18 
24 


7 

14 


8 


9 
18 
27 




2 
3 


4 
6 

*• 

8 
10 
12 


6 


10 
16 
20 


16 




9 
12 
15 

1« 


12 
J6 
20 
24 

26 


21 


24 




4 
5- 


28 
35 


82 


36 

,46 

54 

\A 

72 

81 




25 

30 
85 
40 
45 


,30 
36 
4^ 

48 


40 

48 


» 


7 


49 
56 




.1% 
16 
18 


21 


.56 
64 




8 


• 

24 
27 


82 


• 


9 


36 


54 


63 


72 



Consid^ifiiig the 'preceding table, ^ we find that the first 
column to the le{%,^which again contains the series of na- 
tural numbers of our systefm of symbols, by the successive 
ad<fitio]) of the unit, keeps an account of all the other suc- 
cessiye additions ; or that it indicates how many times this 
addition hits been repeated, and that the result of any 
number- of such additions, of any one of the successive 
numbers, is always found in the meeting of the horizontal 
and vertical lines of tho two numbers taken as factors ; 
dius, 4br instaaee, uttder 7, and where the horizontal line 
marked 6, inrthe first column,^eets it, we find 42, that is, 
the addition of 7 six times repeated gives the result 42. 
In- iy» manner under 6^ oppcTsite-to the 7 m the first 
ool«Bm, will again l)e found 42. So 6 times 7, and 7 
times 6^ (such is the usual expression,) are equivalent \ 
as has been stated above; and such is the case with any 
other number. 

The regular progression of the different results is easi- 
ly, observt^le, and some attention to it will assist in fixing 
mem.m the memory ^ it is heist not to load the begjnnerwith 
a longer table^ for which he has no use, until he may, in 



out mting, when thie 'CireumsUnce 9^ its possf apiig in* 
terest and usefulness will make that iai^k easj, wbicl^ At 
this stage of inslpictipa is a dry and uaelofss labpur* 

§ 30. We must now suppose : that the scbol^ ^as ac- 
quired some faci^ty in the use and applicatiop of the re-> 
suks of the preceding table ; and shall procee4 to sl|ow 
the details of muUiptUcation by exaittples* * 

Be.it^ven to multiply 358279 'by 6 ^ or to -execute 
what is expressed ;by the sign of vnukipliieation, thus : 
6 X 358279. ^ , 

^rite the . siraaller (actor, in 4his case the ^ under |he 
other^ so that the- units stanid ujider f ach otbej i jthen exe- 
cute the multiplication of each^ of the Qunibprs, of Ihe 
larger factor succe^^ivjely, and write the reisult under. $he 
horizontal line drawn below the factors, e(o iljliat the r^ht 
hand jSgure of tibe product shidl fiw»y3 StaUki iQijer the 
number ipultipliedy thu9; 

J3d8379 
6 



-T- 



' • 



• \ 



H 

.48 
dO 

IS / . . 

1JJ49674 

tben adding i^ aU these pro<)uGts^ the sua^ isesijiUiog will 
be the general producJt of the whole saultiplicaticNii. 

The inspection of this ^tailed (executicmi of 4iie .pr&* 
ceding example, ,sbows that we may again appilj^) ip this 
ease, the mode j^f sA>ridgment that has been pointf^i lOut 
in addition, by <^arrying over to. the next tenths without wHt 
$ng out the fuJi) resuks e.veiy time. We wouli^ Aher^efoi^, 
* in the preceding example say, (analogous to what^iasbeeu 
done i9 .«ddUiQn,). 6 tii^es ^9 is .54,; write -4, aand^t^eep <or 
carry) 5 ; tjien H^RU^ lifi^^ in Jakid, w^ wpuld next «ay, 
f ^fi^ 7,i»499 W& 5, ill -47i m^^&m if^ 7, a^ 
|ceej|^th»4>tp h^ad^^ to^e next product; ihjtfx $ 
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tfanetf 9) Is 1ft, and 4, is 16 ; when writing the $, «id keep- 
ing 1, and proceeding dius to the end of the number, we 
obtain at once the same numbers that appear above, in the 
final result. This mode of proceeding is therefore the 
usual mode of operating, with each of the numbers of the 
factor that is -chosen, for the purpose of taking the mul-' 
tiples of the other by it ; ^for which, as said before, it will 
be best to choose the smaller one, because it gives the 
shorter exaimple iA writing. 

jS SI. When both' factors are compound numbers* 
it 18 evident that the multipHcation of each of the num- 
bers. of the one, cannot be made St once with all the num- 
bers or the other ; therefore we must proceed with each 
number o( the one factor, exactly as shown ^above with the 
single number ; and in order to give te each individual 
result its proper place, we must begin to write the first 
bumber of each pr6duct on the right band side, exactly 
under the number of the multiplier of which it is the pro- 
duct ; as its proper uoit. The sUm of all these partial 
products is then ipade, hf the addition of all tiie numbers 
in the regular order in which &ey stand unde^ each other, 
aa this has been:donein the preceding example, with the 
partial products of the simple number. 

This will .be* shown in the following example, in which 
it is required to perfbrro the multiplication 174392 X 6436; 
writing the factors properly, under each other, so that the 
units stand unde^ each other, and the other numbers- fol- 
iQtw in their re^dar order, the suec^ssive results in their 
proper places, #ill be as follows : 

174392 
6436 



871960 
623176 
69756S ' 

1046352 

1122212520 

J- 

In this manner, every example, whatever quaiitity of 
ligutes it mi^ be composed cf, will stand 
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If an^ of the figures in the nurabei^to be midtiidieily 

which is<;alled the multiplicand^ should be an 0, its product 
into any number whatsoever, is = ; because times any 
number whatever, always indicates' thai the number is not 
there ; the place will^ therefore, receive only .that number 
which may be carried over from^he multiplication of the 
preceding number, and if none^be carried, only a 01 

If an 0, occur among the numbers by which $he multip 
plication is to be performed, or the m^tiplier, the whole 
row of figures to he multiplied by it producing a result ^^ 0, 
the place where the first number would s1;^d witl only, be 
marked by an 0, and the multiplication'by the next followr 
ihg number is begun in the same row, immediately afler^ 
thus placing each result in its proper place. 

The f6llowing example will explain both ih§ above 
cases, where the effect of the two O's, in the .multiplier is 
shown by the removal towards the left of the two. latter., 
rows of figures. 

3603904 
* 60303 • - 



, .10811712 - 

' 72078080 
18Q195200 r ' : 

180926792,512 

§ 32. It will be proper to exercise the scholar in a v^ 
nety of examples, umtil he has become accustomed to tbe 
operation, and is able to, make any multipSteation withro^l 
error : the younger the scholar may be, the eitsier the ex* 
amples must be' in the beginning, and must gradually in* 
crease in difficulty, J)y the combination of diflbrent cstse^, 
in larger numbers. Still, in this it is to be observed : (hat 
when the beginner has performed examples gradually with 
the whole series of the nine simple numbers, it will be 
proper to show him only, what is the effect of a compound 
multi^er,'^as a repetition of the similar operatioir of one 
liumber only, and the addition of the (Afferent partial pro- 
ducts into one whole ; and not to follow servilely the aug« 
mentation by one number; (or place of figures,) that he 
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inaj noty as often happens, consider that he has eveij 
tune a new difficulty to overcome ; but must \iimself come 
to the observation, that multiplication by a number of 
places of figures is a mere repetition of the- operation he 
knows, requiring nothing but a little morei attention, and 
more accuracy in the placing, of the figures. - 

Example^, — Execute the following multiplications : 

1st 653 X 781 = 7th. 90184X10976^5= 

«d. 6032 X 683= 8th. 340769 X9»4e817=« 

3d. 749 X 903701 = 9th. 99987642 X 3246 s: 

4th. 6094 X 75790838 » 10^ 89736X65820934=:: 

5th. 89048 X 109373869:^= 11. 596X348962547^ 

6th. 95638 X9895076324n 12, 978 X 804060789 » 

§ 33. DIYISIQN, is anoperation the opposite ofJUuU 
tipiicationy as has already been stated; its problem is 
^erefore : to find how many times a given number is 
contained in anotheir given number, which is thus consi- 
dered as a product of tiiie. first' and the quantity sought. 

The-tiMe of products, or multiplication table, given 
above, may thereifore be here applied inversely;' a ready 
and habitual knowledge of its results is therefore abo con« 
stantly appUed in this rale, by the comparison of its reatdts 
with the quantities presenting themselves in ah example. 

While all the preceding operations have begun at the 
unit, this' on the eontraiy must begin by the highest num- 
ber, or.av^er of symbob ; ibr the greater number of times, 
y^hki\k one quanti^may be contained in another, is neces- 
sarily to be taken out, or considered, first, the inferior 
wifiii>ers will then follow in their regula)* order, and keep- 
ing account of th^ value of any remainder frpm the pre- 
ceding operation inJts proper rank, as in the following ex- 
ample, which we shall express in the manner that has 
been shown in section 20, in wder to accustom the learner 
to .retain the Systematic language of the operation itself, 
which is always the preferable method, and maintains the 
necessary order in the calculation^. ^ With this view we 
shall draw a horizontal line under the dividend, undjer 
which we shall place the divisor, and the result, or qu6« 
tient, will be written on the right faan^ side of (he sign of 
equality which follows them, tiius ; 
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MSBld 

..^ 3S2S0772 

3 3 



6 842316 * 

24 
24 

23 

21 



21 
21 



6 
6 



Here we say, 3 in 8, is c<mtaiBe4 twice, and haviag written 
the 2, as the first number, to^the tjuotieot, we -must make 
the product of it hy the diyisor, write it under the cerres^ 
ponding number of the dividend, and subtract it from this ; 
this product being 6, in this case, the subtraction of it from 
the first oiumber of the dividend, ih^ 8, ieai»es2, as a r&- 
niainder. Now, for ^e sake of easier disttnction we place 
the next number by the right side of Hits remaUider, which 
being 4; gives for the next number to be divided 24. Now 
3, is in 24, contained B times; placing the S in the'HG[u<itiei»t, 
multiplying the 3 by it, the produet-of 3 times 8, placed un- 
der the 24} being also 24, leaves no reniainder ; placing the 
next number^ down, we find, that 3 not being contained in 
it,' we must indicate this by an 0, in the quotient, for the 
rank or order of the numeric system corresponding which 
being done, the next number,* 3, is taken down iamb right 
side of the 2, which making 23, we itey 3 in 23, will be con* 
tatned 7 times ^ writing the 7 in the quotient, multiplying the 
3 by it, and subtracting the prq^luct 21 from-tiie 23, we oh* 
tain the remainder 2 ; taking down the 1 which gives 21, we 
say again, 3 in 21, is contained 7 times, and the product 
3 times 7 becQg equal to 21, leaves no remainder;' lastly, 
bringing down the 6, we find 3 in 6 twice, and writing tto 
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2 in the quotient, and subtracting its product by 3, from 
the 6, leaves no remainder^ and we obtain the exact quo- 
tient 2S0772. 

Division bein^ the opposite of multiplication, we have 
the means of proving this resAlt, by the rouitiplication" ot 
the quotient by the divisor ; the product of which must be 
equal to the dividend, as is evident ih>m the de&iitions 
given of this operation* 

Writing then the divisor under the quotient, and per- 
forming the multiplication, the product resulting iidll be 
equal to the dividend, if the whole operation has been 
rightly performed.* 

§ 34. If the divisor is not contained an^exact whole 
number of times in the dividend there, will remain at the 
end of the division, a number smaller than this divisor, 
which is called the Remdindef* In <Hrder taindicate fully 
the actual result x)f the division, this number is yet to be 
placed at the end of the quotient, with the divisor writt||t 
under it, and a horizontal line between them, to indicate 
that thi^ division should yet be. made. 

Such numbers as indicate^a division which cannot be 
executed,. are called Proper JracUon^f while every division, 
indicated as above, of a number larger thj^n the divisor, is, 
in compari^n with' these, called an Improper fraction : 
and, when considered in tfiis point of view, the number 
eorreftponding to the divtdeiHj, iff called the JVumerator^SLni . 
tin number corresponding to tlm divisor is called the De- 
Min^tolor; while the quotient, ji^hateyer it may be> will 
idways represent the Value of the fraction. 

f The divison cad also be proved ia other ways, as : the well 
known prool by 9, which is groornded upofi the prioerples of the de- 
cimal system ; the addition of the renSaindtr and the different p«tt« 
dncts of the indivldaai qa'olients into the tU visor, each in its proper 
rank, which are already writtea in the operation, ao4 will of 
Qoor^e produceN^giain the dividend.; and others. But it does not 
hi>lon:$ to this sta^e of mstruction to deviate fi'om fhesimple prin- 
ciple', to show flW(^cM of calculation which eiflier Occur t»fler- 
wards of thenks<>lveB tp an attentive cali^ulator, or may be taught 
after a systematic coiiry^faas be^n ooce i^Mie^^throusrh- B^j»uch 
l^sral deviatipDfl from the straight simple course of the science, 
tl>e iddasf of tifie scholar are diverted froin^ its simple system to 
mere accessories, to which tieis apt to give an undu$ weight in hit 
f(u<!iC8, imd therebf lose the system of the fcience. 
3* . 
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Hub gwientl idMt of fmetioDSi tbe origiii of wbkdi it te 
proper to jshow here, will hereafter be the fundamental idea 
from which the calculation of this kind of quantities is to 
be dedaced. "# 

The followmg is an example thrt will show such a divi- 
sion, mad the mode of operating in the case. 

Being given to divide 

7835921 

8 8 



72 7835921 



63 
66 



75 
72 



89 
82 

72 ' 

.01 

- In this example : we see that the first number .of ^e 
highest order being smiMer thanjfche divisor, we must tdke 
it jointlj #ith the next foUowing number of the lower grade, 
and say : 8,4n 76, is contained 9 times; and the 9 is writ- 
ten as the first number in the quotient; ^en making ^epr<^ 
duct S X 9 ^ 72, it is written uifaSer the 78, from which it ib 
subtracted) and leaves 6^ which being wpttca below the line, 
and the aambernezt foUowing in raid( ; the 3, written down 
to it, gives 63 for the next number^ to be divided by 8^ 
which being cdntainc^d 7 timeis in it, 7 beia^ writteil in the 
quotient, the product 7 x 8 = 56 is written under the 68, 
the subtraction performed, and tlie 5 or next following 
number placed down to the t, that remains from the sub- 

^ traction ; the operation is -thus continued j exactly as in the 
former example^ until when the last number, 1, is set down 
at the side of the 0, we fhid that 8 is no longer contained ia 
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1, «iid tlijsrefbre wrtle an in .thequotient ; hayiogiia nsoro 
numbers in the €liyi4en4r ^e ^nd tii^t 1 ou^t yet to b# 
divided by 8^ whi^h we Write in tho quotient, -as stated 
above, \ Uke aB4uiexecuted division, Qf<r Proper /ractioflu 

When we make the prpof of this example, as has been 
done in the preceding' one, we consider the 1 os a rem^- 
der, and in th? multiplication of the ifuol^ent by the divi- 
sor, add it to the product; so that we would here say 8 
times 0, is 0,.an4 the remainder 1 added, gives 1 for the 
fir^Vnumber of the produet, exactly as in ihe dividend, 
wd then t^ntiaue the n^tiplioation through the whole 
<taotient obtsaned, as ki the former example. 

§ 35. Wken the divisor is a number composed of mom. 
tb^ one figure, the principles ^f the opei^ticm remain the 
same ; but. it becomes necessary to pay attention to the 
«f!ect of the multiplication of the quotient into the whole 
ocuiiber of the divisor ; which may render it necessary to 
take this quotient smaller than nught appear firom a mere 
eomparison of the first numbers of the divisor and the 
dividend r all tlie rest of the Operation is only an exten- 
sion of the operations explained in the preceding exam- 
ples ; which have been described^ in detail, with the express 
view of giving a full explanation of the firet. elemei^tary 
principles. Reasoning withrthe same details upon the fol- 
lowing ^^cample, tl^e operation of a division, with a divi- 
sor composed of more than one figurei will also be clear* 

Tbe foUowtng division beiiig .given 
^4059213 , 



758 


758 


6064 


676080 
42255p\ 
591670 
633 


3419 . 
3032 


3872 
3790 


64059218 


821 
758 





eat 
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Here in considering only the first number of the divi-^ 
8or, and comparing it vith the two first of the dividend, 
we would find 7 , in 64 contained 9 times ; but we must 
take into consideration the multiples of the numbers which 
follow the hundreds in the divisor. The 5 tens, or 50^ 
multiplied by 9 would give 46 tens, or 460, and 7 X 9 = 
63^ taken from 64,- would leave only 1, which, considered 
as hundreds, as must be done in this, case, would not allow 
us to take the 460 from it. We f]ind, therefore, that the 
quotient 9, is too large. Taking 8, we find that 7 X 8 « 
66, taken from 64 leaves 8 as. remainder ; and. if we con-, 
sider now the 68, as multiplied by 8, we find that the 4, 
which coirhes liere again as hundreds to be subtracted from 
the 8 hundreds can be taken away with a conSideraMe re» 
roainder. WHting then 8, as tho first number in the quo« 
tient, we make the product 8 X 768, and place it under the 
respective numbers of the dividend, so that the produ<5t of 
the first number of the divisor, that is to say, 7 X 8 or 66, 
may stand under 64, and the other numbers follow in their 
regular order ; we now make the subtraction, in the same' 
manner as has been often before shown, which leaves $41' 
as remainder ; as this is less than the divisor it also proves 
that no. greater number could have been taken fOr the quo- 
tient ; to this We join, as in the preceding examples, the 
number of the dividend next afler those used in the l&st 
subtraction, which is here the 9 and present thus the total 
number 34 1 9. We now proceed as before to cmnpea^ the 
products of 7 with the 34, as the number presenting itself 
here for division, in the same rank as the 7 of (he divisor;., 
this shows 4 as the nearest factor producing with 7 a mul- 
tiple,^ 28, inferior to 34, and leaving 6 as remainder, ,while 
4 X 58 giving only a 2 to carry to the place of the hundreds, 
leaves sufficient jroom fo^ the subtraction of the whole pro- 
duct ; we. thus obtain the remainder 397, that is agatii 
smaller than the divisor ; and placing af^er it, the next fol- 
lowing number of the dividend, the 2, we say first 7 into 
3d is' contained 6 times, and the product, 6X7 = 36, tak- 
en from 38 leaving 3, the product 68 X 5, giving only 2 
to carry to the place of th^e hundreds, will leave a sufficient 
quantity for tlie subtraction ; the 6 being placed in the quo- 
tient, and the substraction of its product performed, we 
have the remainder S2 ; then placin^r the 1 down after it, 
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Ai9 feiMlliiiiSfti cMitaiBS the dOvisory evidei^^ oafy inmmu 
Placing I in t&e quotient, this fivhti&ci&sm ei76^ from S21 
leaves 63 ; wbetn the last figure, or 3, k written after thts^ 
the number 633s, t^ULt resnlta, beings les^ titan 758, the lait* 
t^ wiU not be contained ja it ; this gives an in fli^ f|«e« 
Uent, for th^ kust whole number ; and the unexeentahle ^ 
vision 4H ^^ ^ fraction or remainder ; as in the second ^ 
foregoing exajnple. 

The proo£ of diis example is agaia made in the same 
manner as in the last ; niuki|»1ying 84510 X 198 and add* 
ihg 633 to it, the dividend wiM again be obtained, as seen 
in the. example. 

The remark which has been already made, upon tha 
propriety of practisiing any of the elemental^ operaitienft 
tuitit a competent dexterity- is accpiired, of conrse,^«lso . 

The detailed manner shown here, is what is nsnatty 
cetUhdlong diinHon;. and even experienced calculators 
may often find it proper to c^PP^y i^ when the number of 
places of figures in the divisor isv great. 

§ 36. For common calculation it is often desired to 
spare writing out the numbers for the subtraedon, and 
writing only the remainders. This is earned <m as ialh» 
Ibllowing example. 



Given 9460753 



= im6Z^\ 



879 879 



6707 


96867 


5545 


TO341 


2713 


86104 


. 76' 


76 



9460753 



Here the divisor is contained pnce in thethr^e^mC 
numbers of the dividend ; the 1 being pUiced in the quo- 
tient, the sulkraction is inuaiediateiy made from th^m^ axi4 
only the remainder placed below; .which being ^7, antf 
the next number of the dividend, the.0, being put 4owii W 
it, the divisor, 879, being larger th^ 670, the next number 



98, DiTiflioir. 

ia the <[iiotieiif becomes a 0. After writing it, ^e aexl 
number, the 7, is taken down, from the dividend,, and in th0* 
resulting 6707 the divisor is contained 7 times. Now tho 
divisor is muitiplied.by 7, and the subtraction of the produQl 
made in the memory immediately,^ and again oidy the re- 
mainder written down ; thus,: say 7 times .9 is 63 j subtract- 
ed from 67, which the number frboye ipust be supposed 
to ^represent, in order to allow the subtraction of the pro- 
duct of the unit or first number, leaves 4, which is written 
down as a remainder under the 7 ; the 6, which the number 
kn the next higher rank has been supposed, is kept, in me* 
mory, and added to the next higher CMider of .nmnbers^ 
with which it is then again subtracted ; therefore, con- 
tinuing the multiplication, wesay ; 7 times 7 is 49, the 6 
kept being added makes 55, that i^ubtracted from 60, which 
we suppose to be the mmiber' above, havii^ the in th^ 
first place to, the right, the remainder, 5, is written imder 
the 0, and 6 is kept to add to the next following product ; 
for this we now say 7 times iS is 56, and 6 carried is 62, tak*^ 
en from 67 leaves 5.. Bringingtiow ^e 5 from the dtvideild : 
doiyn to the ri^mainder 554, we have for our next dividend 
5545, for which we say : S in 55 is contained 6^ times ; and 
as 6 X 8 = 48,. leaves 7 ih the place of the hundreds, for 
the carrying from the pr€>ducts of the lower nuipbers follow- 
ing it,' the remainder is evidently large enough to allow the 
siribtraction of the whole product ; sO we say again, 6 k 9 aa 
54, from 55, leaves 1 ; write it, and caity 5 ; then 6 X 7=* 
42, and 5, is 47, from 54, leaves 7 ; write 7 down, and car- 
ry 5 ; lastly, 6X8= 48, and 5 is '53, ftom 55, leaves 
2 ; the remainder, presents therefore, 271 ; to which the 
3, as next lower number ifi the dividend, bein^ written, we 
find 7 in 27 is contained 3 time's, or 3 x 7 = 21, leaves 
6 ; a sufficient remainder in the hundred$, for the carrying 
of the product 3 X 79 ; ao we say agam, 3x9=^ 27, 
from 33, leaves 6, and 3 to carry ; then 3 x 7 == 21, v^d 
3 added gives 24, from* 31, leaves 7, and 3 to carry ; then 
3 X S === 24, and 3 13^7, which subtracts without a re- 
mainder, from the 27 above; and leaves the remainder 
76, to M^icfa we have no other, number to set down from- 
the divisor, it therefore gives the numerator of the propei 
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89 



fl'ttdtioQ remaining, thus ^, is a division dial cannot be 
executed' wltfa- our present means.* 

In the manner the reasoma^^ has been canied, in this 
example, eyeiy other more cbniplicated case is to be exe- 
cuted ; it is therefore expected that it wiH suffice to ' ud- 
troducethe learner into the practice of this method. 

JBiRinqpiM.^— Bxecute the fidl^wing divisions : 

1st. ^198 7th. 66430072, 



2d. 


72 
64059 


dd. 


38 
980409 


4tb. 


84 
7260991 


5th. 


96 
197403019 


6tii. 


107 - 
30409675 



954 
8th. 186153042 



3964 
9th. 9860725314 



999 
10th. 3846721957 



4099 
llth. 1402376205 



, 90918 
12tfa. 904763825 



9692 



994703 



CHAPTEK lY. 

Cf Vtdgar Fi^tuma. 

§ 37. WeJhave seen^rea^, in section 21, and at the 
end of Division, that fractions are unexecuted divisions ; 
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^Ths proper fraetimii are still purpotel^ here jrepreaeB ted »t 
unesecqtal^le divbieoa, because tbe preeeataff ope^pMil in whole 
numbers, do not Hirniih eny meant for.eueh A divmon. We thaU 
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w»l«Mr« alto liewi, ttet in coaseqaenceof tlM| lliif ce^ 
sist of- two parts, correspoading to the two p«rtA or mm* 
heta engs^ in a tktisioa | ^mv fbnn, or tiie manner of 
writing them, w« ha?e seen to arise naturally from tiM^ 
▼ision, when a number remataed ultimately in thedin^ 
dead, wMch was smaller tban tlve ditisor, or the number 
by which 4t ahcRild be divided ; yre have there already ob- 
served, thai this constituted a Proper fraction^ wlu\e every 
division whatever, expressed in the same form, was an 
Iiwproper fraction^ as it wbuld naturally be caUed,^flrom its 
still containing the divisor a whole number of times. 

The manher above the horizontal line, (aa seen in sec- 
tion 34^) which corresponds to the dividend, is called the 
J^T'mMfiA&r of the fraction ; and the number below this 
line, corresponding to the divisor, is called the Denominor- 
tot of tiie fraction ; ^us considering the fitst a^ mdicatiog 
the m m ib ei' of parts taken, and the second as indicating 
the value of the parts, or giving the name lo the parts. 
By this means any fraction may evidently be represented 
as, (or ratfier these considerations show it to be actually) 
the prodtict of a whole number, into miity divided by an- 
other number ; this latter consideration characterizes 
them as a particular -kind of quantitie^s, in the same 
miinner as the different places of figures Characterize 
imits, tens, hundreds, and so on^ we thus evidently liave 
(expressing the above reasoning according to the forms 
and sig^ adopted) for an example, 

where 7 is Uie numerator, counting the parts, and 18 the 

denominator, showing. these parts to Ibe, eighteenths of the 

unit And the value of these parts may evidently be as 

much varied as the numbers themselves ; therefore they 

have not, like the aumfflaiolil fiyijtem, dne necessary and 
uniform law of connexion. - . 

§ 38. From these eeiifi«dertilioifis^ the principles and 
Bgture of fractions, the following three fuhdaipental pro- 
positions for the arithmetic of fifactionsi naturally "follow ; 
*"' ' ' l' ' ' ' ' ' "^ ' ' -....■■ -^ -• • •■ ^ 

aiurwardfl.fhow, how these .v^ues aiay beexweawd, eilber ea- 
rfSXySS&f^^^L*^"^ coBtwued diviiiop, uid.fta ntetisiaa 
frMUoiT^^^'** ^"^ ^ **"" • ^^ ^ y* ^Tf *»7 deci»a 



pR^FOSiTioN I. Jis many timea cls ifu Nfitmeraior of a 
fiS(lfiium4mmdi fmgpr c^ma^rj the Denominatfi» rpn^fin- 
ing umhanged, so many times the Value of the fraction is 

For : by multiplying the numerator by any number, there 
are {18 mq^y tpme^ more ^arts taken as this number indi- 
cates ; and In dividing it by any number, there are as many 
times less parts taken, as the number indicates ; in the first 
s:ase, therefore, the value of the fraction becon^es as many 
limes largeatj and in the second, 09 many times smaller^ as 
the number used in the multiplication, or division, indicates* 

13 X 7 7 

Example. = 13 X according to the 

13 18 

same reasoning as in the preceding section. 

7:9 7 

A9d I". , =» -— — ; 9, according to the same* 
- 18 18 

9X3 3 3:9 3 

Or — ^ = 9X and = :9 

16 16 16 16 

and so in every case. 

^^jpo5j(TJOH II. *As many times as the Denominator oj 
a fraction is i»4.c?e larger or sm^illery the JVumerqtor re^ 
mai^i^^ unchqngedj so many /tme^ the value of the frac- 
^oa is made srxLolhr or larger. . 

For : the denominator being the number by which the 
unit is divided, i^s many tipoes as this number is multipliect, 
SO many times the unit is divided into more parts ; and 
therefore, the parts becoming as many times smaller, an 
equal number of them represents a value as many times 
ftftiallei' ; that is to say, the value of the fraction is as many 
times smaller ; and inversely, when the denominator is di« 
vided by a number,' the unit is divided by a number as 
many times smaller as this divisor indicates ; therefore, 
the parts becom# as many times larger ; and the value of < 
the fraction becomes as many ttmos larger j all under the 
M^positidii : that aa ^ual uuoibar of these paxtn h% taken 
bmte and aftMT- Ae opemiioii. 



4M TVLOAB FEACTfOan. 

7 T 

Example. \b 13 times smaller th«n «^— be- 

18 X 13 18 

cause the 7 is divided by a number 13 times larger ttan 18; 

1 1 

or we have, 7 X — '• , 13 times smaller than 7x — ; 

18 X 13 18 

7 7 7 

and ■ =5 — is d times larger than ; 

18 : 9 2 18 

because the 7 is divided into parts 9 times larger ; 

1 1 

or, we have, 7 x — »* , 9 times smaller than 7 x — 

18 2 

Proposition hi. When the Numerator and DenanunO' 
tor of a fraction are both multiplied or divided by the 
same number y the Value of the fraction remaint unchanged^ 

This is an evident consequence of the comlnnation of 
the two preceding propositions ; they show the e^ct of 
the muhiplication and division upon the numerator and the 
denominator, to bo exactly opposite, and therefore, when 
performed with the same number, they exactly compen* 
sate each other ; that: is to say : as many times as the Val* 
lue of the fraction becomes larger or smaUevy by the mtul^ 
lipliccUioTt or division of the ^uvierator of the fraction, so 
many times it becomes again smcdler or larger^ by the 
muUtiplicaiion of division of the Denominator. 

7X9 7 7:9 

Example. ■ »■ — - = — - 

18x9 18 18:9 

where the mutual destruction of the effect, of the two. 
operations, is self-evident. 

The two first propositions solve directly all mtdtij^iea- 
tion or division of fractions by whole numbers, in a dou- 
ble manner ; for we have, evidently, every time, the choice 
between two operations, each of which may, according to 
the case, present a preference in the individual application. 

The third proposition will evidently furnish us the means 



lo reduce fractions from one denominator to certain other 
pnes, in order to obtain the fractional parts expressed so 
as to be adapted to certain purposes in the operations of 
arithmetic, without changing their value. 

§ 39. The investigations of section 37, have shown 
fractions to be equivalent to the product of a whole num- 
ber into certain quantities expressed in parts of the unit ; 
when thus representing quantities of dtfierent values or 
kinds, they have different denominators ; their numera- 
tors therefore cannot be taken into one sum, or difference, 
without previous appropriate changes. By the third of 
the foregoing propositions, we have obtained means to 
make such changes, without altering the value of the frac- 
tions. The aim of such a changa, must evidently be to 
obtain the same denomination for both, or all the fractions, 
whose sum or difference is desired. 

We have seen in multiplication ; that it is indifferent 
which of the two factors is multiplier or multiplicand, this 
shows that equal denominators may be obtained for two 
fractions, by multiplying the denominators together ; if 
therefore, the numerators of the two fractions are also 
multiplied, each alternately by the denominator of the 
other, the value of the fraction will remain unchanged ; 
according to the third proposition above ; and if more 
fructions are concerned, considering the first result as one, 
and operating upon it in conjunctioil with another, exactly 
in the same way as before, and so on to the end, a result 
is evidently obtained,, that applies to any number of frac 
tions. This furnishes us with the following general rule. 

To redttce fractions to a common denominator ; multiply 
the numerator and denominator of each fraction by all tns 
denaminatara except its own; then all the fractions wiU 
have the same denominator, and the numerators wifl be 
such that the value of the fractious will not be changed. 

7 3 

Example. — and — reduced to the same denominatot 
16 14 . 

7 X14 8 X 16 9S 46 

er&l ffw% and ; or , and — ; 

14x16 14X16 210 ftlO 



%4 ^«L«Ak fi^ACTidiii. 

Mfhkt4 MAidtfym Denoinii^dri, thai iii tM jkiH» ^t^ 
<tttirt ifnjpli^d in tiie fractions, are the saih6. 

Being given to reduce to the same denoininaior; 

1 f 3 7 

2 3 5 8 

We evidently obtain, step by step, the following resiiltili : 
from the two first, 

3*2x2 34 

- and ; or — and — ; 



2X3 3x2 6 6 

from these and the third : 

3X5 4X5 3 >C ^ si6 M 18 

; J r or — ; — ; — ; 

6x5 0x56X5 30 30 30 

from these and the last, 

15 X 8 20 X 8 18 X 8 30 X 7 



30 X 8 30 X 8 30 X 8 30 x 8 
120 160 . 144 210 



or 



240 240 240 240 

TIei'e quantities of the same kind, are evidently obtatneil \ 
say equal parts of the unit, only in .different quantities '; 
isiich as correspond to the new numemtorf and produce no 
change in the Value of the fraction, according to the prin- 
ciples stated ; for, accordiYig to what has been seen above, 
these fractions toight be thus written ; 

1 1 1 1 

120 X ; 160 X ; 144 X — — ; 210 X ; 

240 240 240 240 

Exainples. — Reduce the following fractions to a com- 
mon denominator. 

19 5 3 5 3 4 7 9 

4 ■•■• • —"I — • • « •y - - , , , . « « • ___ 

6 11 7 8 8 10 9 12 11 

* 2 S 1 3 i' 1 7 

Jfc — ; — ; — ? 8. — ; — ; -i-; — i — ; 

98« 49359 
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B S 7 3 5 7 9 19 

^89 11 9 8 10 24 

4 5 6 8 5 7 8 2 5 

79 11 8 69469 

9254 18596 13 

10 7 9 5 7 11 6 14 7 14 

32 7 1 '46 7 8 910 

7 9 16 6 5 7 8 9 10 11 

§ 40. It is evident from the above, that fractions can- 
not be reduced to any denominator indiscriminately, if 
as it is proposed in common arithmetic, the numerators or 
denominators shall not themselves contain fractions ; that 
therefore the new denominator must be a multiple or a 
quotient, of the former denominator. 

If it should become necessary to take whole numbers 
under the same consideration, it will easily be judged, 
from what has been said, that they. must be considered as 
bavmg the denominator, 1, and such indeed they are, for 
the unit is their measure, as to value ; like any other 
denominator in a iraction, 

34 1 

Example. 34 =s — = 34 X — ; 

Ir I 

For : every whole number whatsoever, must be considered 
as multiplied by 1, really to be a quantity ; if it was mul« * 
tiplied by 0, it would be said not to be at all, as 0, denotes 
'the absence of all quantity ; and if multiplied by any 
other number, the product would be another number, cor- 
responding to this multiplier. 

§ 41. Th6 continued multiplication of all the denomi- 
nators evidently leads into large numbers, both for the 
numerators and the denominators, which it is desirable to 
avoid wherever possible ; this will be the case w^en some 
of the denominators are products of the same number 
with di£brent numbers, or have what is called, Common 
Jmhn$ these are thecelbre not necessary to be repeated 
4* 
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in the continued product *of the denomioators, "whic^ fup- 
nishes the new denominator^ as the above example Idready 
shows, where 2 and 8, are products of 2, the first by 1, 
the second by 4. 

The following problem imd its solution, which will be«t 
be explained in^edilLtely by an example, will lead to this 
result. 

Problem. *To find tjie smcdleat number which wiU be 
divisible by several other given numbers. 

Solution, Write the numbers after each other^ 

as : 3 ; 4^ ; 9 ; 10 ; 21 ; 35 ; 12 



1 , 4 , a , 10 , 7 , 35 , 4 

1 , 1 , 3 -^ 10 , 7 , 36 , I 

1,1,3, 2 , 7 , 7 , 1 

1,1,3, 2 , 1 , 1 , I 



3 

4 
5 
7 



take any one number, which H^ill divide several of these 
numbers without remainder, and divide these numbers by 
it, write the divisor^ here 3, on the other side of a vertical 
hne ; the quotient obfeiined under each of the numbers ; 
write also all the other numbers, that are npt divisible, 
down in the line, (as shown here in the second line of fi- 
gures,) with the 4[)aotieDts ; with this new series of num- 
bers proceed 4Ls before ; here tire 5nd the common divisor 
4, and the thiixl line of numbers is obtained j this line fe 
reduced by the divisor 6, and ihe fourth row of figures is 
obtained; thus the Operation is cOtitliHied in the same way, 
until no common divisor is found ; as in the fifth Hne of 
'the example. The continued product of these quotients 
and the remaining number, which is here 

3X2X7X5x4X3= 2520 

>■ *4, 

will be the smallest number divisible without remainder 
by all the given numbers. The units of course disappear 
m the multiplication, as they do not augment the product ; 
they indicate the number of reductions obtained by the 
operation, without wiiich the continued product would have 
been =^52|>600 ; and these two numbers «re both equat 
ly divisible by the numbers first given. The proof ofthk 
operation lies in this«: 4hat those factions tint haTe^disap. 
rpearedf being only such fts wei<e repealed in the^givtli 



Rimilmn^ hy tiioie bisittg dMkeiit ttiiiltq^ oflheiny <iie«ti- 
vision of the anmber obtained hy ^ numbers fir^t ^veny 
will always give a whole number ; thus are obtained ia 
the example the following numbers : 

2520 2520 2520 . 2520 , 

= 840; — sceSO; =s=280; = 252; 

8 4 9 10 . 

2620 2520 2520 

— P-« 120^ ^ = 72; = 210; 

21 35 12 . . 

which all present quotients without any remainder. - 

§ 42. If therefore fractions/having the above liumbeit 
fbr their denominators, were to be brought under the same 
denominator, the quotients arising from the division of ihe 
new general denominator by all the first denominators suc- 
cessively, will give fbr each of the fractions the number 
by which it is to be multipfied in numerator and denomin- 
ator, to reduce it to that common dencHninatefr ; tiierehyto 
furnish the means to obtain a new series of fractions, 
equivalent to the original ones, and all having the same 
denominator. The following fractions would therefore be 
changed, as presented by the following operations 

1 3 2 7 it 4 8 B 



3 4 9 la 


; ; ; 

21 35 12 


1 X 840 8 X 680 2 X 280 


7 X 252 4 X 120 


2520 2520 2520 


2520 . 2520 


8 X 72 5 X 210 


- 


2520 2520 


. 


840. 1890 560 1764 


480 676 1050 



2520 2520 2520 2520 2520 2520 2520 
Thus the fractions are all brought to present equal parts, 
of a deneinination inferior to the continued product of the 
original -denominatorsy. and capable of beixig added, or 
Bubtracti^ like whole ^umbieis by |beir qpmerators only. 



6 43. ADDITION OF FRACTIONS. By^ejire. 
eeding sections the fractions hftve be^n bronght to a shape 
which admits th^ being added and subtracted like whole 
numbers, as these operations have shown how fractions 
can be made to present the same parts, Or to be quantities 
of the same kind, without changing their value ; thus the 
rule tg ei^cute an addition of fractions, is now easily de* 
duced, as follows : 

Reduce, the fraetiont to a common denomtnof or, »ic{ the 
resulting nmo numeratorsj and give the wm the neto de- 
notMwUor. 

IbU ExmmpU. Find the single fraction corresponding to 

17 8 7X6836 4a 

- + -; this gives: 1 ?-*— — -| — r «• — 

6 8 6X8 6 X 8 40 40 40 

.3 

aiF ^ -f* — ; if the division is executed as it can be done. 
40 

2nd. Uromple. 

2 7 2 X 9 3 X 7 18 + 21 39 12 

-. + _•- +-x-- = =.^ = 1+ — 

3 9 3X93X9 27 27 27 

Here the numerator and denominator of the fractional 
part bpth admit of divisto% by 3, and, the sum becomes 
byit, = l+f 

This application of the third proposition of section 38, 
is to be made, whenever admissible, at the end of any ope- 
ration upon fractions ; because fractions are always to be 
presented in their lowest denomination. 

3d. Example* Suppose the •fractions given to be added, 
upon which the reduction to the same denominator has 
been performed in the preceding section. The following 
will be the results successively ^ being given 

1 3 2 7 4 8 6 
9. 4 t 10 91 U 12 



and mftkang the isniiii of Ae iie# miitieratcn obtained 
before, we have Ike foUowkig additisD ^ Whole wl^ben 
to maj^e^ 

840 

1890 

560 

1764 

480 

676 

lOdO 



7ie0 

7160 
giving the t()tld friielionAl sum, ■■ wbioh being an 

2620 

2120 

unproper fraction, gives 2 H ; the fractional part 

2520 

is reducible, as follows, by 40, ^ 
40 



2120 

as 

2520 



53 53 

— therefore, the ultimate nim is =b 2 -| 

63 . 63 



Examples. — Execute 

7 3 5 3 9 12 

UU -* + -^ + -. + ^ + — + _=: 

8 7 9 14 24 15 

9 2 7 B ft 9 
2nd. — + — + _ + _ + _ + _ = 

11 5 9 11 25 32 

17 2 17 19 15 16 

U. ^ + — + _ + _ + — + _ + _ 

5 8 9 27 32 . 38 42 

d 15 1^ 14 8 10 5 
'41ft. — + —.+ — + — ^^_H 1 

13 19 21 ^7 2d 84 It 



7 6 8 5 9 
51k. _ + _ + _+_+-.- 

9 11 16 12 13 

1 2 8 4 5 6 

eth. _ + _ + — + — + — + — - 

5 7 10 11. 12 18 

9 12 13 5 8 7 
Tik. _ + _ + _ + — +_ + —-. 
11 13 14 16 15 13 

2 5 6 3 4 5 

8A, — + _4. — +_+_ + _« 

18 18 17 19 23 89 

7 9 3 6 21 1 
m. _ + _ + — + — + —+_« 

8 14 17 25 25 9 

2 8 2 7 8 2 

XOih. _ + _t_ + _H — + — = 

5 8 11 16 19 18 

5 8 4 7 9 { 

llik. —+_ + — + — H « 1 

8 10 9 12 11 

13 5 9 6 

12I&. _ + _+.-+ — + — « 
7 116 14 . 13 

§ 44. SUBTRACTION OF FRACTIONS. This 

dififers from their adlltion only in the second part, as may 
easily be inferred from all the preceding reasoning ; we 
obtain therefore the rule : Reduce the fractions to a cont" 
mon denofhinatory ndttract the new nunurators from each 
othery and give to the remainder the new denominator. 

The proof of this rule is evident ; by bringing the frac- 
tions to the same denominator, in the same manner as 
shown in the addition, the operation is reduced to the aub- 
traction of the whole numbers, expressing; the niimera* 
tors, as is done in tiie addition. 
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Wxamph. To Bubtimci as indicaled here : 
7 2 8x7 2X9 21 IS S I 



9 3 3X9 3x9 37 27979 

2fMl* Exomplt* 
7 17X58 35 827 



^^ 



8 . 5 5X8 5x8 40 40 40 

"Wbich process is evident bj mere inspectiony compeied 
with the rules, and siiqiiportedbj all the preceding 
ing. 

Examples* 

, 7 13 14 

Ut —as 7*. « 

9 16 2 9 

2 3 9 2 

2ud. — 81k « 

5 8 10 5 

5 a ~ . 8 7 

Si. ax ML « 

7 14 9 16 

4 2 5 2 
4/J^ s lOlfc, a 

5 11 6 5 

7 2 6 2 
bih. w Hi*. -^ - 

8 3 11 19 

« 

4 1 7 8' 

6I&. s« . 120. .- ?: 

7 3 27 37 

^ 45. The total value of a number of-fractions,, ef 
which some are to be added, and others to be subtracted, 
m^ thus be taken in one, and under the smallest denomi- 



»• 



nator ; with ibj» 4ifbr&^M on)/ : thf^ i^ f epaia!i|^ ffi|i is 
to be made of all the new numerators to be ^dded^ and ^ 
tfiose to be subtracted, and the sum of these latter to be 
subtracted from the former, for the neiy numeratojc* 

The following example will show the process* 

1 1 3 76 4 5S 



+ 



+ - + 



15 11 ^7 18 



25 



being given ; find the smaifesl; number diTisible by aH the 
dwfioimnatflrs th^s : 



3 
1 
t 
i 
1 



6 
2 
2 

1 
1 



5 
5 
1 
1 
1 



16 
5 
1 
1 
1 



11 
11 
11 
11 
11 



27 

9 
9 

d 

3 



18 
6 
6 
3 
1 



25 

25 

5 

5 

5 



3 
5 
2 
3 



the new denominator is, 

= llX8X6x3X2X5X3«= 14850 

the sucoessive multipliers of the fractions are, 
14850- - 14860 14350 
-^ _ = 4960; = 2476; _ = 2970 • 



3 
F$850 

15 
18 



= 990; 



G 
14850 

11 



14850 
= 1356 ; • = 650 ; 



27 



14850 

^ 825 ; ». 694 ; 

25 



For«ii% now the new numerators, by multiplying the oW 
ones by their respective numbers, just found, and bring- 
ing those that are to be added into one column, and those 

#1*11* M«A 4^ Uw fl.oUA^^^x^j :-:a. .t . ' , < . . 



imn^ate^; 



takim? 
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+ 4950 - 8910 
2476 SdOO 

6930 4762 

8100 — 

4125 15862 « 



+ 26590 
— 15862 



10718 
the fraction Resulting is therefore : 

26580 — 15862 10718 



14850 14850 

This fmction may be still further reduced ; the mode of 
doing this at ence to the greatest extent, by finding the 
greatest common divisor of the numerator and the 'deno- 
minator, will be shown hereafter; in the example the divi- 
sion by 2 is evidently admissible^ and we obtain by it, 

2 



10718 



14850 



5359 



7426 



Though we had, in the above examples^take^ the sp^alln 
est number divisible by all the denominators, the ultimale 
fraction was still reducible ; this arises from the individual 
circumstance of the resulting numerator being such as to 
have a multiplier common with the denominator, in the 
same manner as the denominators) first given, had. 

Examples 
3 2 7 13 

1. —+ — + —: =^ 

7 9 15 6 8 

8 6 8 4 7 9 11 

* » 8 10 9^ 12 11 W " . 
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I 8 1 17 8- 

4 8 3 5 9 11 

6 7 9 19 7 5 7 

4.— + +— + — +~- 

9 8 10 24 16 6 9 

3 2 5 1 35^9 8 

5. + .+ + _ + _=. 

4 5 9-7 11 6 14 6 

84 3 79 38 11 2 

7 5 11 12 14 8 35 12 15 
423 2 5 5 7 11 4 

7 9 14 15 8 12 16 18 5 

84273 6' 69 1 

8. - + + -.-W + + ^ = 

8 5 9 15 14 21 25 26 3 

§ 46. MULTIPLICATION OF FRACTIONS 
The close connection of the subject of fractions, consi* 
dered as unexecuted divisions, with division ; and conse* 
quently with its opposite, multiplication, renders the ope- 
rations of multiplication and division of fractions more 
simple than their addition and subtraction. 

For their multiplication the rule is simply, 

MxUHply the numerators into the numeratoray and the 
denaminaiora into the denominators; the resulting fraction 
wiU be the product of the fractions muliiplied^ 

The proof of this rule lies in the first two elementary 
prq>ositions upon fractions, 49tated in section 38 ; for ; by 
mult^lying a fraction by ithe numerator of another, this 
fraction has been made as many times larger as the nume- 
irntor employed indicates ; but as it was required to mul- 
tiply it by a number, as many times smaller, than this 
number, as the denominator of the fraction,' whose nume- 
rator has been enaployed, indicates, the multiplication of 
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the denomiqator bythe denominator of that fraction makes 

the value of the resulting fraction just a^ain as mm/ 
times smaller ; as is required. 

7 3 

Example* To multiply the fractions — and — ; into each 

8 10 

7 3 ' 
other ; or, to execute — X — ; the multiplication of 

8 10 

7 3 X 7 21 

— by 3 gives ■= — ; multiplying then the de- 

8 8 8 

21 21 21 

nominator of — by 10, or making = — • the re- 

8 8 X 10 80 

suit is the value of the multiplication desired. 

In like manner the following result is obtained : ^ 

3 6 3X6 18 9 

8 n 8 X 11 88 44* 
this last by reducing the fraction, by the division <^ tha 
numerator and denominator by 2. 

Examples, 

3 5 5 3 9 
Isi. — X — = Sth. — X — X — » 

7 8 8 5 10 

4 3 2 3 4 
2nii. — X — = ^th. — X — X — = 

5 11 5 7 9 

2 6 3 4 5 
Sd. — X — •- 7^. -.. X _ X — a» 

3 5 5 7 9, 

6 7 4 6 7 

4«Jb.— X— = 8(&.-^X~X — «- 

11 9 11 13 19 



■13 7 8 7 B i 

IMk -- X ~ X — « IWfc. — X — X — X — =^ 
5 8 9 13 15 8 9 

§ 47. DIVISION OF FRACTIONS. According to 
the principles and propositions presented in the beginning, 
division may evidently be performed by dividing the nu- 
merator of the dividend by the numerator of the divisor, 
and the denominator of the dividend by the denominator 
of the divisor. But as this operation would often give 
fractional results for the new mumerator and denominator, 
it is not employed ; jand the principle : that division is the 
inverse of multiplication, is here made use of, in concord- 
ance with the two first propositions respecting fractions, 
shown in section 38,. fro^i which is deduced the following 
rule : 

Multiply the numerator of the dividend by the denomi' 
ncUor of the divisor, and the denominator of the dividemd 
by the numerator of the divisor ; the first gives the mente- 
rator, the second the denominator of the^esulting frac~ 
tion ; or the quotient. 

To prove tiiis, we need only invert the reasoning used 
in Multiplioation ; by multiplymg the denominator of the 
dlvtdead by the numerator of the divisor, the fraction has 
been made as many times too small, as the denominator 
of the divisor indicates ; and by the multiplication of the 
numerator of the dividend by the denominator of the di- 
visor, the value of the fraction is again made as many 
times larger { so that the ultimate result presents the real 
value of t,he quotient. 

4 3 4 3 

JBx. To divide - by •- ;, or to execute - : - ^ we obtain, by 

5 8 6 8 

the multiplication, of the denominator of the dividend by the 

: 4 

numerator of the divisor ^— s three times smaUer 

5X3 

4 
than -, and eight limes loo small ; multiplying therefore 
6 
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tho numerator of this result by 8| the denominator of 
the divisor, we obtain, 

4X8 32 2 

6 X 3 15 16 

this last again, like in a fonner case by dividing the nu* 
merator by the denominator and keeping only the remain- 
der as a fraction, as the result presents again an improper 
fraction ; that is to say, the fraction 



8 / 2\ 4 

— is contained I 2 -| I times in the fraction — • 

S \ 15/ 5 

It is evident, that the result of such a division may give 
a whole number, as well as the division of whole num- 
bers may give ; for a fraction can be contained a whole 
number of times in another fraction, as one whole num- 
ber in another. As for example : 

3 1 3X8 24 

4 8 4 4 

We may also proceed by the principle of the third pro- 
position alone ; namely, the reduction of a fraction with- 
out changing its value. For that we must write the in- 
tended division fully out in the form of a fraction, in nu- 
merator and in denominator ; so the example above would 
stand, 

4 

4 3 

6 8 

8 
When we multiply here, the numerator and denomina* 
tor, by the denominators of the individual fractions, we 
shall compensate the divisors or denominators of the in- 
dividual fractions, and have the numerators affected, altera 
bately, the one by the multiplication of die denominator 
oC the other thus ; 
5* 




■ •• 



f __ 

I 
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8X4 








6X8 


8 X4 


32 

«_«2 + 

15 


8 


3X6 


3X6 


15 



6X8 

For in bnnging the fhictions to .the sune denonuoator, 
these denommators of course eonipeiisate in nui^erat^r 
and denominator, as shown in the tlurd Proposttion. 

Examples. 



l8i. 


6 8 
8 11 


eth. 


9 4 
16 16 


2nd. 


4 ' 8 
6 16 


7ik. 


8 I 
11 9 


3d. 


7 1 
10 8 


8ih. 


2 2 
9 13 


4th. 


9 6 

11 9 


9ih. 


9 8 

10 13 


6th. 


6 4 

7 9 


lOth. 


11 3 

12 5 



§ 48. It is proper here to add some remarks upon the 
manner of proceeding in certain eases, to facilitate the 
calculation of fractions,, as much useless and tedious cal- 
culation may be avoided by some attention to the relation 
of the numbers given, and the reductions which they may 
{hereby present ; this operation, by easing the calculation, 
will also make it less liable to mistakes. 

First. If any given fraction is not reduced to its sim 
plest expression, it is proper to reduce it previous to per- 
forming the operations required ; as for example : 
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3 4 6 

It being given to make — H + — , (he fractiens 

12 20 18 

are immed!iately to be reduced by the equal divisions of 
numerators and denominators, that are evidently possible, 
to the following : 

I 1 1 - 

— + — + — . ' 
^ 4.5 3 

which are then to be added according to the principles 
above given. 

Second. In the multiplication ot division of fractions 
it may occasionally occur, that such multiplications or di- 
visions as would compensate each other in the uHimate 
result, may be avoided by some attention, and that such 
advantage may be taken of the relation of the numbers 
that may at once effect a reduction by a division of the 
one term, instead of a multiplication of {he other ; as 
for instance : 

3 4 
-^ X — ; the denominators of each being respectively 

8 9 

multiples of the numerators of the other, the multiplica- 
tion is useless, and the division may be made alternately, 
the 4 being contained twice in 8, and the 3 thrice in the 
9 ; so that it can be written immediately, 

II 1 

3 2 6 

3 6 
or in division for example ; given — ; — which inverted 

5 26 

3 25 
into a muHiplicaUenas, -— X **-r ; evidently presents, for 

5 6 

1 ^ 

tbe whb reason ag-before, »— ► X 5 == -^ » 2 + J 

2 8 



60 
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§ 49. REDUCTION OF FRACTIONS. Thia 

must be done according to the principles of the third pro* 
position of section 3B, and may be effected : either by 
successively dividing in numerator and denominator, by 
such numbers as are observed to divide them both with- 
out remainder ; or at once, finding first the greatest com- 
mon measure between them ; as it is evident that the great- 
est divisor must produce at once the greatest possible re^ 
duction. * 

The former may often be easy for an experienced cal- 
culator ; it is for instance easily seen that all ev6n num- 
bers are divisible by 2 ; all those ending by 0, or 5, by 5 ; 
the division by 3 is often easily discovered ; &c. 

^ So for example may be done with the following fraction, 
where the successive divisors are marked above the par« 
titicMi line between the successively reduced fribctioas. 



10 



7 3 



1260" 
2940 


126 
294 


63 
147 



9 I 3 



or. 



9 4 6 



1296 



38S8 



432 



1296 



216 



648 



6 H 



24 



72 I la I 3 



To make the reduction at once th« greatest possible, 
requires at first to find thie greatest number that will di- 
vide both numerator and denominator without remainder, 
which is what has just been called the greatest common 
measure, thence the solution of the foUowins 

Problem. To find the greatest common measure of 
two given numbers. ' ° ■ ^ 

In order to present the principles <^ ^his operation m 
the clearest light, it is best to represent the two quantities 
as two linear dimensions ; this may evidently be done, as 
any quantity may be represented by a line containing as 
many units of measure, as tfie number itself contains units 
of abstract quantity* 
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Let 'ther«(bze the two Imes AB^ aod CDy npretteDi dm 
two numbers, 

a h c f ^ 

^1 [ j _|--_[^ =. 17 

d ^ 

' It is cl^ar that there can be no greater number that will 
divide the two jiumbers, (or no greater line dividing the 
two lines,) without a remainder, than the smaller number 
(or line) itself ; dividing therefore the greater number by 
the smaller, (or taking the smaller line from the greater, 
as often as possible,) as ifa the above CD = Aa = ab = 
be, or three times, the cB remains, smaller than . CD : 
which presents therefore the remainder not divisible by 
CD, and smaller than it. 

But the number which can divide both AB and CD, 
without remainder, must also divide this remainder cB ; 
it must at the same time also divide CD, as in that case it 
would divide its equal Aa, ah, and he ; therefore, between 
these two cB and CD ; the same reasoning, used ' above, 
applies again ; namely : that they can have no greater 
common measure than the smaller, oveB, itself; therefore, 
divide CD, by cB ;- lei us suppose, that as in the figure it 
is contained twice in it, or eB = Cd == dg, and leaves 
again the remainder gD, smaller than eB ; between this 
remainder and the former divisor>.or the gD, and the cB, 
the same reasoning takes place as before, their greatest 
possible common measure could only be the gDj itself ; 
dividing therefore the eB, by the gD, and supposing it is 
contained cfxactly twice in it, or gD = cf ^ fB, and that 
it leaves no remainder ; then this gD, that is the last divi- 
sor, will be the greatest common measure possible^ be- 
tween the two numbers represented by AB, and CD ; (it 
may be observed, that this operation is to be continued, as 
long as a remainder is obtained by these successive di- 
visions.) 

Because the gD, measures the cB, without remainder, 
and this cB measures the Cg, the gD measures also the 
CD ; the Ac being a multiple of CD^ m tkevelore «lao 
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meatared by gDy and the other part ofAB, namely eB^ 
being also measured by it, the whole AB is measured by 
gDy which measures also CD ; therefore, it is their com' 
mon meitaure, and as we have always proceeded by the 
greatest number^ which possibly'could divide the two num- 
bers successively given, it is also the greutest cammon 
meaaurcy as was required. 

If no divisor is found, except the unit, the two numbers 
have no greater common measure ; that is, they are Prime 
to each other. 

I'o apply this to numbers, let the fraction given be th^ 
following ; 

45 ' ' 

dividing the denominator by the numerator, the last 

153 

being always the smaller number in a proper fraction, (of 
which alone there can here be question, because an im- 
proper fraction must first be reduced, by dividing by its de- 
nominator) we make the result of 

153 18 

— — == 3 H that is: we obtain the first quotient 3, and 

45 45 

18 
the remainder — ; this fraction inverted for the similar di- 
45 

45 9 

vision, and the divisioli executed gives — •=ss2 -{ ; or 

18 18 

9 
the ijuotient 2, and the remainder — ; which treated as 

18 
18 
above, gives — = 2, as last quotient without a remainder i 

9 
and proves the last divisor 9, to be the greatest common 
measure ; and in fact we find that 9 is^in 45 five times ; 
in 153, seventeen times; so this applied to the figure 
would say, that, gD, is equal to nine of the units used in 
the measurement of AB, and CD^ From this we obtain 
ferthe operation of the greatest reduction of the fi^ctiosi 
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45: 9 6 

ass — ; which can be no farther diyidcd, orr^doced. 

153: 9 17 

In the usual mode of writing, this example would stand 
thus : 

45)153(3 
18)45(2 
9)18(2 



Examples* 

24598 

IsU . 



4th. 



7th. 



442^6 
42986 

721598 
2209 

15063 



2nd. 



oth. 



75844 

150579 
61047 

77373 
465 



8d. 



6/^. 



8^^. 



1302 



^ih. 



32 

658 
46 

978 
693 

1815 



§ 50. If by the foregoing process, no number is found 
dividing any one of the remainders, successively resulting, 
without a remainder, except the unit^ or. the numbers have 
no common measure ; the fraction is not exactly reducible 
into smaller numbei's. ^ 

It is however evident, by the foregoing process : that 
by the successive division, the remainders have become 
successively smaller ; and we might say, in respect to a 
given case, always less important. 

If the above operation had been interrupted at any one 
of the steps, it is clear, that the part neglected, would 
have been a fraction of the last subdivision^ made by the 
division of the last quotient by the last remainder ; there- 
fore, so much the smaller, the farther this division has been 
carried, and thence the influence of this neglected part 
upon the Value of the fraction so much the' less. Consi- 
dering this fraction as only an unit, having the last quotient 
for a divisor, and the preceding quotient as the whole num- 
ber of these quantities, to which this fraction belonged, 
we shall have these reduced to the improper fraction of 
that denomination, by multiplying this nun^er mth tho do- 
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iKMuinator, and adding the numerator, that is the unit ; 
then cooeidering this result again as the denominator or 
divisor, muhiplying tlie next preceding quotient with it, 
and adding the number obtained last a3 the uiimerator of 
the corresponding fraction, and thus continuing the same 
process to the beginning, through all the quotients ob- 
tained, adding always to the successive products the nu- 
merators last obtained, we shall ultimately have the nume- 
rator and the denominator of a fraction, approaching to 
the fraction which is intended to be approximated, as 
near as the divisions executed wiH admit ; that is with the 
neglect of only that fraction of the last subdivision which 
has been neglected, as above stated ; for if the division 
was carried fully to the end, we would again obtain the 
full value of the fraction, as shown above. And, as it 
appears by the order in which the division has been made, 
namely, the inversion of the numerator into a divisor, and 
the denominator into a dividend, the. last number result- 
ing from this continued multiplication will be the denom- 
inator of the approximate fraction, and that obtained im- 
mediately before will be the numerator. This operation 
may be expressed by the following rule : 

Divide the dendminator by the numerator^ and the lasl 
divisor by the remainder ;> always marking the quotient, as 
far as the approximation is intended to be carried ; (as in 
finding th(& greatest common measure ;) then from the 
place where tlie operatiofi is interrupledy make the continued 
product of all the quotients, adding unity to the r first pro- 
duct, ana afterwards always the last previous result, until 
the first quotient is arrived at. The last number resulting 
will be tiie denominator of the approximtUe fraction, and 
th^ one obtained invmediaiely before, the numerator. 

Example. Let the fraction ^^^jf be approximateii : 
the successive division will givoi 

98215)367459(3 

72814)98216(1 

25401)72814(2 

22012;2540irt 

338d>S2012(6 

1678)3M<K3 

The luecMKTie i^prozimations v^ be : 



3rf« 
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IH apprnxmaUpn. == 8 : 1, or the fraction | 

2(2 " < ^'^^^^ssive quotients, 3^ 1, 2 ^ 

» continued products, 11, 8, 2, 1, ^ 1 1 

{suoceesive quotients, 8, 1, 9) 1 _^ 

continued products, 15, 4, 8,1, 1, ^^ . ^ 

• 2T 

I 101,27, 20, 7,6,1, ^';[^ 

Klfcii J 3, 1, 2, 1, 6,2 

\ 217, «8, 43, 15, 13, 2,1, ^'^n 

and so on for any subsequent approximation; 

If tiie above division had been carried on to the last di- 
visor, or unity, as the numbers are prime to each other, the 
original fraction would have been obtained agun, thus ; 

'3 1^1 I 2 I 1 j 6 I 2 I 50 i1 151 1 I 1 121 
367459ld8^i5|72814l2540l!32012l33d9|l67ai33i28j 5 I 3 i 2 | 1 

the upper line being the successive quotients, and the lower 
the continued products, with the addition of thef>receding 
number, (or last numeratcH'S*) 

Suppose the following fraction, (to give one more exam- 
ple,) which represents approximate numbers expressing 
the diameter and the circumference of a circle, 

' lOQOOOOOO 



314159265 
The division gives as follows : 

100000000)314159265(3 

14159265)100000000(7 - 

88fi445) 14159265(16 
$307815 

882090)885145(1 
9056)882090(268 
2T1^^ ' 
26690 



■*^« 



)«250(^. 
640)«08;(1 

w90 



M 
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1 



Iti apfroxmatum* 3,1 or—* 

8 



find. 



3d. 



4th. 



u 



ti 



U 



{ 
{ 
[ 



8,7 
22,7,1 



or 



28 



3 , 7 y 15 
833 , 106 , 15, 1 

3 , 7 , 16,1 
355,113 , 16,1, 1 



or 



106 

833 
H8 



<Mr 



5ih approximation* 

/ 3 , 7 . . 15 , 1 ,288 . 

I 102573 , 32660 , 4623 , 289 , 288 , 1 102573 



365 
32650 



Exan^les. 
794973 
Ut. 



2nd. 



3d. 



4(&. 



1674210 
38125 
516412 
5967 

13843 
81097 

649321 



5th. 


692 


1817 


6th. 


888 


2777 


Tih m 


1775 


imim. " 


1823 


ftffc. 


337 



9ih. 



10th. 



nth. 



I2ih. 



759 



1016 
1827 
1879 
2426 
7714 

52763 
9864 

37652 



CHAPTER V. 



0/ 
6 61. In eT|»lamtn8 the dfcinud ^gnptmii 6t <Mir ttioal 

ffome^ tra tiiiii« gvMter, wbi|p it wtmm «!• ptaM ftp* 



filer to tbe left hand from ihe unit, than when in the ploce 
preceding it, and therefore conversely, the figure in the 
next place to the right hand is ten times smaller than the 
same figure in the next place to the lefl of it. 

If we continue thid reasoning below the unit of whole 
numbers, and afler having marked that place by a (y) and 
give denominations to ttie parts of unit, according to the 
same system, we shall get successively for the resuhing 
places, the denominations of tenth parts, (or yVO hu° 
dreth parts, (or ri-^,) thousandth parts, (or t^VitO ^"^ ^^ 
pn, to any part or subdivision, however minute, of the de- 
cimal system ; as for instance, 3,45672 would be 3 units,. 
4 tenths, (or •^,) 5 hundreths, (ri?)) ^ thousandths, 
T^vsy) '^ ^^^ thousandtiis, (j-^h^y) 2 hundred thousandths, 
(t? AttO o', ^^ whole woidd be, 

4 6 .6 7 2 

8 + — + + + + 

10 100 1000 10,000 100,000 

where it is evident that the writing of the denominators 
ean be spared, because the successive diminution of value 
of the places is known-by the system ; therefore the usual, 
and easiest, way of reading these fractions is, afler having 
mentioned the whole numbers, to mention the (,) and read 
the subsequent numbers simply as they occur, leaving the 
denominations out, as understood from the principles of 
the system. We have hence an easy mode of expressing 
any fraction in the same system as the whole numbers, 
either in full,or by approximations to any desirable extent, 
therefore minuteness of accuracy. 

§ S2. We have already seen that proper vulgar frac 
tions result fi'om a remaind^ of a divisiou smaller than 
the divisor, as a mere expresmo» of the unexecuted, or, 
by the means hitherto exfrfained, unexecutable division ; 
by decimal . fractions we are on tiie contrary; enabled to 
express these "t^uantities, by continuing the division, ac- 
cording to the same law that is used in the system of num- 
bers ; and all the difierence between operations with these 
quMitilies, an^ theee wi^ whole numbers, will evidently 
eonsiit in pofarting out the place where the whole numbers 
Mid|/aad. these ftaetioiif begin ; all th^n^ea whicfa< witt 



1 



Im fbuad hereafbry for the mechanteai ezeeutioA of the 
four rules of arithmetic in decimal fraotions, will tbeze* 
fore merely relate to the determioation of the place of the 
decimal mark. 

To continue the division that is required to obtain the 
decimal fraction, afler the number in the dividi^nd has be- 
come smaller than the divisor, it becomes necessary, to 
reduce the remainder to the same kind of unit which will 
follow in the quotient, and as this will be ten tidies smaller, 
the dividend will represent in it a ten times laiiger num* 
ber ; to do this we have only to multiply it by ten, which is 
done by the simple addition of a (0) on its right hand 
side; this will enable us to continue the division ; as this 
takes place at every step, it is only required to repeat it 
also at every step, as in the following etxample : 

Let the division be continued, below the unit : 

34721 

=? 46,5058977, tec. 



763 

4201 
3860 
' 4500 

6850 ' 

7460 
6930 
6890 
549, &c. 

Here, afler having obtained 45 a^i a whole number, oh 
stead of expressing the fra^^tion ^-J 9fi a vulgar fraction, 
an has been added to the remainder 386, which presents 
3360, and is again divisible by the divisor 763 ; at this 
place therefore, or after 45 in the quotient, the distinctive 
mark or (,) was placed, and the division continued, as in 
common numbers, with the constant addition of a 0, to 
every remainder, to make the continued division possi- 
ble ; at the remainder 45, the addition of one 0, making 
a dividend, 450, still sinajlter than the divisor*.the quotient 
was 0, as in any other division, and the addition of a sec<Mad 
9% liiiWng4§oaj«i ^e ^Yi4e|»il» ««^Tiqt1be vnti^njt 4 
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ceeding in all such cases as has been sho^vn in common 
division; the division, which here stops at the seventh 
place of decimals, might perhaps continue in this case 
without ever closing. 

§ 53. By the same principle we can express any vulgar 
fraction in decimal fractions, either terminated, or con- 
tinued as &r as desired, or solve the 

Problem. 7b redwe vtdgar fractions into decimal 
fractions. 

PtU an 0, in the place of the unit in the quotient, with 
a (,) after «<, and an 0, at the right hand stde of the fiif- 
mcrator^ divide as m common dtrtirton, adding to evhry re- 
fNotfider an 0, and continmng this dicinon as far as de- 
siredj or untU recurring numbers occur. 

3,0 

Ilcample. — = 0,42857142 

7 

Ho 

60 
40 
60 
10 
30 
20 

6 &C. 
Placing the In the quotrent, and in the ll|^nerator, the 
division is continued as'^in common numbers, «dth the 
constant addition of a (0) to the remainder, until we again 
meet the same quotient, 42, and remainders 2 and 6, 
which had been obtained at first ; which are called recur- 
ring numbers, and indicates that the satne series of num- 
bers would repeat themselves ; and which may therefore 
be done, as far as required, without calculation. Such se- 
ries of recurring numbers are called circulating decimals* 

Example: reduce — =: 0,3333 

3 
10 
10 
Bev* «videD(iy we constantly obtain from die yery befin- 
6* 
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niiig, the Mine quotients and remainders ; the caleiilation 
need therefore, not be continued. Of this kind are a 
number of other fractions, called repeating decimals.', 

In the following example, we obtson a complete expres- 
sion in decimab, 

— = 0, 125 ; which tenjoin^tes the division of itsel£ 
8 
20 
40 

Itxamplu. Reduce ; 

17 9 4 2 111 



— 1 

8 


♦ 

8 


1^ 


— ; 
5 


8 


6 


6 


t 

7 


1 


3 


9 


3 


a 


2 . 


3 


7 


4 


16* 


•^ f 

11 


— 5 
4 


» 

7 


- • 
6 


8 


— f 
9 



§ 64. ADDITION OF DECIMAL FRACTIONS. 

By the principles explained in § 51, it is evident, that ail 
operations upon decimal fractions ipust proceed from the 
unit to the lawer numbers, or subdivisions, according to 
the decimal systen^, below the unit, by the same law as 
above it, and the Principles applied to whole numbers ap- 
ply equally tx^J)ecimal jractioni ; the numbers being ail 
of the same system, the carrying of the individual suras 
will be the saftie'as in whole nurtibers, and each kind of 
number Vill thereby stand in its proper place ; therefore, 
also, the decimal mark will not change its positiop. If 
any one of the givjen number? should have no whole num- 
bers, in order to avoid all aipbiguity, tjie plare of the unit 
must be filled with a followed by a (,). Hence derives 
the following Rule. 

Place the numbers under each other, in such a manner': 
that the units may stand Wnder the units, and all the num- 
hers J at equal distances, ic the right, or to the left of the 
units, may faU under each other ; thm add them as in com- 
mon numbers, beginning at the rioht liand figure, and 
place the decimal mark in theresmtf under the decimal 
mark of the given n^m^^^ 
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JESjrdmpla. To make the sum, or execute -, 
3,4612 + 21,34891 

3,4612 
21,34891 - 

24,81011 
The following is an example where the decimals go far- 
ther ii) the sms^ler number than in the larger : 

Exim^ of ^ev^ral numbers ; 13,76094 

0,3809673 
142,012 
/ 0,39052 

156,5444273 
Examples^ 

l8t. .3,09047+0,097384 

dfui. «y,914+31,96147+0,0316+0,000754. 

Zd. 9,4188+0,9473101 +^,9070407+ 6,011 

Ath. 0,0076+b,0106+0,000049+D,000039 

5th. 0,9047+100,1047+19,735+72,7641 

6«i. 0,0409+73,9043+2,765+26,30107 

§55. SUBTRACTION OF DECIMALS. The 
principles stated above of course lead also in this case ; 
the numbers being written under each other so as to make 
the unit figure the leading figure, each kind of decimal 
will stand under its co^esponding one, and the subtrac-^ 
tion will be in no wise different from that of whole num- 
bers ; observing : that when no lower decimals are in the 
larger number, from which the subtraction is to be made, 
(these being not written,) they are of course supposed O's, 
and the subtraction is made by means of borrowing to the 
led, in the same manner as if in whole numbers there were 
O's, in the lower places of figures* This leads therefore 
to the following : 

Rule. Place the numhera under each other 08 in addi' 
Iton, (the smaller being usutdly vmtten below the larger) 
and subtract as in common subtractiony beginning at the 
tight hand figwe^ and plaee the decimal marh in the difi 
firme€ und&r piedecimd mark of the two given mmh^rs* 
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Exampk. 3,490864 — 2,74962, write thus : 

8,490864 
2,74962 

0,741244 



3,490864 
There being no number to subtract from the first 4, it is 
unchanged in the remainder, and the other numbers fol- 
low, as in common subtraction. 
Ex€unple. 0,9832 

0,4986735 

0,4845265 

3,983^000 
Here for the subtraction of the first number or 6, the 
supposed lending from before has given }0, and the re- 
mainder became 5 ; then the next lending being again from 
before, but one beipg borrowed from the 10, leaves only 
9 ; the 3 is subtracted from 9, remainder 6 ; in like man- 
ner in the next we obtained 9 — 7'ss 2 ; and then the first 
number above, namely the 2, appears as diminished by 1, 
and the next subtraction is made from 11, by borrowing 
again as in whole numbers : the rest is evidently as ia 
whole numbers. 

Hxamples. Ut, 13,409 — 7,946 

2nd. 0,9047 — 0,83946 

3d. 0,09109 — 0,009867 

Atk. 3/4981 — 2,95673 

6ih. 0,994098 — 0,84376 

eth. 10,843 — 7,3942 

7th. 0,0194 — 0,008643 

Sth. 9,094 — 8,3946 

9th. 8,947 — 3,60409 

§ 56. MULTIPLICATION OF DECIMAL FRAC- 
TIONS, From the principles of Decimal Fractions it 
is evident ; thai their multiplication can, in itself, have no 
other rule than that of whole numbers* In respect to the 
v^ue of the resulting decimals it is easy to observe, thai 
M they are fractions with the denominator 10, each of lie 
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number ; they keep this quality: in the resjuk, and 
therefore present always in thehr product the product of ' 
these quotients, which, though not expressed by a denomir 
oatoc, 13 indicated by the place assigned to the decitbal 
mark. Therefore, as we have seen before, units multipli- 
ed by units give in product units, or tens and imits, so in 
decimal fractions tentlis multiplied by tenths will give Imn- 
dreds and tenths or only hundreds^ and thus for every other 
denomination. This principle evidently causes the de- 
cimal mark to recede one place for every time. that it is 
multiplied by a decimal, and in the multiplication of deci- 
mals, distant from each other, as many places as both 
decimals together indicate ; because, the product of any 
tenths, hundredths, thousandths, &c., into any othertenths, 
hundredths, thousandths, &c., wiH be the unit followed by 
as many O'^s as are contained in the supposed denomina- 
tors of the two fractions together. 

This proves therefore, for multiplying decimal fractions, 
the following 

Rule. Jiiultiply the factors together, cis in whole num-' 
herSf and cut off as many places of decimals, from the ri^ht 
hand side towards' the left, as there are decimals in hofh 
tiie factors, place there the decimal mark. 

To execute this multiplication, it is best to begin by the 
unit, and multiply by the other numbers to the left, and 
then to the right, advancing the result in the first case to 
the lefl, and receding with the results of the decimals 
towards the right side, in the second case ; in that 
order in which the multiplication with whole numbers in 
the same ranks would indicate ; the first result, that is the 
result of the unit, will by this process, at once determine 
the place of the decimal. 

Execute the following multiplication. 3,476 X 5,82 ; 

thus : 3,476 

6,82 . 

17,380 
2,7808 
6952 



20,23032 



74 
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Here the multiplication by 5, as units, has given to every 
number in the muhiplication the same place as it occupied 
before ; the, following numbers having receded towards 
the right, according to the rank they naturally have al- 
ready, occupied their proper place, and we have obtained 
in the result 6 places of decimals, exactly as many as both 
factors have together, and as the rule above prescribes ; 
(for which therefore it might form a practical deduction or 
proof.) 

Let the following examples be executed, to illustrate 
f&rther the practiced application and its consequences. 



36,452 
0,4937 


172,7892 
56,32 

1036,7352 
8639,460 
51,83674 
3,466784 


0,5378 
0,0624 


14,5808 
3,28068 
109356 

255164 

• 


0,032668 
10756 
21512 


0,03355872 


17,9963524 


9731,488624 



ThQ first example above gives a result that makes the 
product recede one place in the decimsds, because the tirst 
multiplier is a decimal, this determining the decimal place, 
all the others follow by themselves, the result receding 
always one place, and ultimately giving as many places of 
decimals as there are in both the factors taken together. 
When in the second example the multiplication by 6, as 
unit, was performed, each number resulting kept the place 
it occupied in the multiplicand, the decimal place being 
determined by this. The next multiplication with 5, or 
properly 50, give? the advance towards the left, according 
to common multiplication of whole numbers, the two 
decimals being made to recede each one place farther to 
the right, keep the final result in its proper order, the 
number of decimals are thus determined by the mere ad* 
dltion, and are conformable to the above rule. 

6 6 

In the third example : the -— ^ into the — ; gives evi* 

100 \ 10 
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30 

dently, : which assigns to this result the place seen 

1000 
in the example ; the others follow hy themselves ; but if 
we had not attended to this, the rule above would give the 
coincidence with the result obtained, as may be easily 
seen. 

Examples. Ut. \ 3,415 X 0,7604 
2nd. 17,4089 x 0,03964 
Sd. 2,3918 X 321,6402 
4th. 0,00964 K 0,03458 
Sth. 0,90807 X 0,00652 
6th. 372,0496 X 0,000985 
7th. 0,008643 X 0,00004329 
§ 57. It is most generally needless to calculate to the 
full extent of all the decimals of both factors, the one or 
the other factor commonly indicates the number of deci- 
mals to which it is intended to carry the accuracy; and we 
may dispense with the smaller decimals, so much the 
rather, as they will at all events not be absolutely accu- 
rate, if the decimal fractions are not themselves exact ; in 
consequence of the absence pfthe smaller decimals, that 
would influence the places taken beyond the lowest that 
is given in one or the other factor; for this reason it is de- 
sirablis to have an easy, and exact mode of executing this 
abridged multiphcation, which is as follows : 

MuUiply by the grecUest number of the multiplier first, 
and determine the place of the decimal ; (as in the prece- 
ding rule ;) then mark Jhia number y and also the lowest 
decimal of the multiplicand ; then take the next lotvet 
wuinber of the mulHpUer, and multiply all the multiplicarA ' 
Inf ity taking from the product of the decimal marked q^, 
orUy the part which is to be carried forward to the nisei 
.phee^using the ten nearest the result either above or below ; 
write the product under the foregoing, so thatthe first figure 
to the right comes under the first figure of the foregoing 
product ; thus continue as long as there are figures in the 
muUipli^^ always marking off one figure in the mtdiipli^ 
^m^ijlfr ^hfuctorof tht nmlHplier, and making the ad- 
iH^fn pf jiM worrying a$ befofe ; ike ^kcimal miark ivill 
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take its place according to the determdnation of (he fifti 
number used as a multiplier* . ^ 

Example. The first of those given above, executed 
according to this rule, will show that in this manner regu- 
larity is insured, and the deviation from the full result 
obtained above will not extend farther than the last place 
of figures, or rather only the next after it, as it does not 
difiTer a whole unit of that place. 

36,462 

0,4937 

14,5808 

3,2807 

1094 

255 



17,9964 

4 

The first tine is the product of — into the multiplicand, 

10 
thence its product - by the unit must give tenths, which 
determines all the rest. 

In the second line we had to carry for the product of 
9 X 2 = 18, which being nearer to 20 than 10, the* tens 
to be carried were two ; so that when we afterwards made 
9X5 = 45, we added 2, making 47, thd 7, being placed, 
the 4, carried, and the operations continued as in common 
numbers ; the rest of the operation is exactly the same 
with respect to the remaining numbers of the multipli- 
cand ; for the third line we had 3 x 4 =:= 12, and the 
3 X 52 from before, giving 2 to carry, rather than only 
1, we added 2, that is, we made 12 + 2 = 14, then con- 
tinued 3 X 6 « 18, and 1 carried, »= 19, and so on ; 
the addition is as before. 

Examplee. 1st. 0,4965 X 9,0829 

2nd 7,6048 X 3,97662 

84^ 0,0935 X 10^4342 

41^.0,004093 X 21^35647 
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Srt. 0,0996 X 0,004732 

^tk. 0,00947 X 0,0009375 

7ih. 9,07093 X 0,098643 

81ft. 0,0004319 X 1097,6246 

* \nh. 194j3062 X 0,0084837 

10/ft. 3461,^9 X 0,0008765 

lUh. 54,3967 X 0,007583 

I2th. 315,04?3 X 0,000497 

• 

§ 58. mVISION OF DECIMAL FRAOTIONS. 
Frptm the manner thfii origin^ of Decimal Fractions has 
be^en deducejH, it has already beon seen : that the deci- 
mals be^[an wben^vjer the diyisQr was larger than the 
diyidend; or which is the sanie thing, when an be- 
caine necsissaiy to faie added ;. in other words, when it be- 
came necessary to recede towards the right farther than 
the quantities of the ^dividend furnished numbers of the 
value o/ those of the divisor ; as niany such steps therefbre, 
as it inay become neqessary to make until a figure, actual- 
ly stgpificant, c^|i be obtained m the quotient, as many O's 
will precede it, the of the unity place being counted as 
4liei)rst ; prtbe.pl^ce ot the first significant decimal will 
b^ ,t^at ii)dic9^.ed^by. the 'iiumber of steps jt was necessary 
to recede. 

It will be ippst easy in thi$i place, and will furnish us 
with the clearest method of accounting for the necessary 
steps, to procefid from the relation of Uie unit in the divi- 
dend and thd divisor, as a leading principle for the deter- 
miiiation of the decimal, mark ; and in cases where no 
whole number is obtained in the quotient, it will be efiiire- 
ly referable to common division continued to .'decimals, aa • 
employed by us in elucidating the principle of decimal 
ihictions. The rule resulting will therefore be this : 

Begihihe.^liipi^iiQn aa in ttihole numbers, and place the 
Srat decinialf^»i(Hing$ (ta many places id the right of ike 
decimal marfsy^^f wu been necessary to recede from the 
fini figiire iik ihs dMsar^ to obtain in the dividend a nunt' 
W fugb^mAf Uff^'^he ^divid^hy <^4 ii i i»rt ». 
7 
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J BxM^h . Divide 3,46921 



4,327 



=t 0,8017687 + ke 



- 7610 
32830 
26410 
87760 
31340 
1051 + &c. 

Here it is evident, thai 4 nbt being contained in 3, 
wb^tever may be the following decimab, the divisor can- 
not be contained in the dividend a whole number of times, 
thence there is no whole number in the quotient, therefore 
a is written in the place of the unit ; the next receding 
in the dividend giving a d^ificant figure ; this falls in the 
first place of decimals. And now the division being per- 
formed, as in whole numbers, and the added always, 
afler there were no numbers more to be taken down firom 
the dividend, the division can be carried as far as may be 
desired, for the decimals determine themselves without 
any further care. But it-is evident. here again: that the 
division to greater extent than is warranted by the num- 
bers given, will not give the full accuracy, when the deci- 
mals are not determined ones, and only approximations ; 
for the 0^8 set down should evidently always be the figures 
which would have followed in the dividend ; and the pro- 
ducts to be subtracted, idiould be fifiected by the lower 
decimals, which are nussmg in the divisor. 

The two Examples that follow, ynjl show more of this 
application* 

^ 4,2769 O,Oi0O42769 

. ■ ■ . M « 0,007637+^. 3= 0,007537 + 

667,432 0,0567432 [&c 

8048760 3048760 

2116000 2116000 

4137040 4137040 

166016 166016 

Thene eamipies, ahowing both esaes of whole num- 
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bers and decimals, wi^ a d^ornihator exceedingly tnime* 
rator, are b6th' equal kpplicalions of the rule found above ; 
and tbefr result is the same ; as the one is evidently the pro- 
duct of the other, by an equal multiple of 10, in numerator 
tuid denominator ; iiiboth cases it was necessary io recede 
three steps, to obfain a significant number in the quotient; 
therefore, the ftrst number in the quotient is in the third 
place -of decimals ; or, we may say, it was three times im- 
possible to divide ; thereibre we have three O's the crf*the 
imit place being coimted, as of course, because the first 
time the division was not possible, was that of whole units. 
In the same way as we have found in vulgar fractions : 
that one fraction may be. contained in another fraction a 
whole number of times, as well as one whole number in 
another ; so, of course this also takes place in deckn^al 
fractions, as in the two following examples^ which again 
present the fiame quotient. . 

452,96T38 0,045296738 

= 29,680770+ &c : =?29,680770+ 

15,3129 0,00153129 [&c 



146 7093 1467093 

889328 889328 

1236830 1236830 

117980 117980 

1078930 1078930 

70670+ &c. 70670+ &c. 

These examples first admitted of division by whole 
numbers,- because 15 is evidently contained in 452 a 
whole number of times, wht<:^h we found to be 29 : then 
the decimal^ began ; these two whole numbers are evident- 
ly easily determiqed, as the divisor has only tw6 places of 
%ujres in the whole numbers of , the first example, and the 
dividend 3. In the corresponding places of the second ex- 
ample I thousand^ admils evidently also twice the product 
ol' whole numbers in the 45 thousandth, and gives therefoie 
equally a quotient of tens and units ; so that both are already 
twice divisible, before recourse is had to the decimal^ from 
Uie dividend, fo^ .the subtraction of the .products of the 
whole nui^bers of thp divisor ^to the .quotient* 



w 
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^Remarkk If it be re^iuired to perfoim aay one of tlie 
four rules of arithmetic, between decimal aod vulgar frac- 
tiousi, the decimal fractions are to be eonsidered-ae whole 
numbers, paying, of course, due attention to the place of 
the decimal mark ; this will therefore need no sf^eciai esL- 
(ilaaa^ion. But it will in many cases, be most convenient 
isj reduce the vulgar fraction into' a decimal fraction, and 
tiieu proceed upon the principles of decimal fractions. 
.This being therefore a subject depending on the judgment 
uf the calculator, the principles of which have been ex- 
plained sufficiently, it, will not need here to foe treated 
^ separately. 



£f3caanplB9» 
7,4ai 

1349,636 
0,964 



9nd, - 



0,0312 



4tk, 



Ilk. 



10/A. - 



92,738 

34,798 

0,8109 * 
0,003497 



M. 



Sih^ 



ll//«. 



0,00975 



7,469 
3,4829 

0,09634 
94,3218 

5,4396* 
973,783 

0,96094* 



3d. 



614. 



9^ 



IfUh. 



0,009662 

0,08735 
6,00964 

3,0975 
0,0000768 

9,0973* 
0,000473 

9,08e5 



CHAPTER TI- 



Of Denominate Frcu:Hon8. 

§ 59i Itaketira ifberty of calling all those snbdin* 
sions of an accepted unit that have received particular 
names, and which properly form fractions of this unit, 
with a certain conventional denominator, that is therefore 
always understood : DenomifMte Fractions ; such are all 
the subdivisions of measures of ai|y kind ; of length, sor* 
face, or solidity, weights, money, time, &c. 
^ In order to nxike use of these fractions in ariUimetic, 
it is necessary to know thcar conventional denmninafofai 



or to b6 able to say how many units of each subdivision 
make a whole, or & unit of a Higher subdivision ; %s for 
instance, the i^eneral division of pound (money) into shil- 
lings, pe^c;<9, and farthing ; ^here the general habit is 
that 1 signing =^ ^^ of a pound ; I denier, or penny ^^ 
of a shilling ; 1 f».rthing = } of a penny, Or, in the 
other manner of expressing it, 

£1=208; l*«=12d; ld^4f. 

.Of these subdivisions, old habits, unconnechid in thetr 
origin, and therefore devoid of system, have introduced 
such a variety, that it is necessary to have tables in order 
to recall them to memory } such tables will be placed at 
the end of this book, to which I shall add the approximate 
or full decimal expression of the unit of each subdivision 
in the other, and in the whole, as it is evidently possible 
to express them all in decimal fractions, either exactly or 
approximately. Certain signs have been given to all these 
subdivisions, to abridge their notation ; these will be learnt 
ff om the tables. 

It is usual also in writing these kind of quantities to 
write always the smaller ones to the right hand side, and 
progress towards tk^ left, in proportion as the quantities 
indicated becomd^larger. 

In thus stepping aside, from the simple theory of a sys- 
tem, to a mere practical habit, we shall soon feel what an 
advantage it would be in ail transactions where quan- 
tity is concerned, to have a regular and unique system 
(or them all ; but the attempt, so often made, has alv^ya 
l^een frustrated, by ihe unwillingness of men engaged only 
in their private qoncems, to all mental motion or exercise, 
not directly advancing their privato aims. Similar sys- 
tems had been in use in common arithmetic, before the 
adoption of the decimal system of numeration, ^e advanta- 
ges of which soon expelled them from theoretic arithmetic. 

It is evident that Uie difficulties to be vanquished in this 
part of arithmetic, consist only in the attention tiiat is re- 
quired to be paid to the effect of the irregular system of 
subdivision, which determines the principles of what may 
be called carrying from one denomiuation to the other ; 
the rules diacoyorod herea^r) therefore, chiefly refer tm 
7* ■ 
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this operation; they will not need any proof, as thef have 
only the arbitrary subdivisions for their principle ; and for 
their aim, to facilitate the jaevefal processes.. They will 
t lereiore be given simply^ with a few examples for illustra- 
tion ; thiiir proof, as far as arithmetical principles are con- 
cerned, lying always in the principles of calculation already 
explained ; and their combination will be reserved for the 
practical part of this treatise^ 

§60. ADDITION OF DENOMINATE FRAC- 
TIONS. Rule. Write the numibera of each denomino' 
tion under each other, distinguishing them by points ; add 
them as whole numbers, beginning ai the most right hand 
figures, and carry frmn one denomination to the other, ac" 
cording to the value of the subdivision, inj>arts of the next 
superior quantity, that is, dividing the sum obtained by the 
denominator of the fraction, indicated by this stUnHvision* 

Example — in feet, inches, and tenths of inches, 12 tit* 
— " 1 yi affords the principle of carrying from inches into 
feet ; the mode of carrying the tenths of ; inches being as 
explained in decimal arithmetic. . 

Fin_d the valueof 12/. 7,6 tVi.+3/. 4,?tn.+2/. lli^tn, 

^ tn, -• 

i2. 7, ♦ 

3. 4,9 

2. 11,2 






18. 11,7 

Here the sum of kiches being 23 ; l2 are taken away, 
to carry as one unit to the fe^t ; tiiere remainsll«7 inchesj 
the rest is exactly like tlie addition of whole numbers. 

Example in weight, of pounds Troy; the subdivisions 
of which are, - ' 

1 lb. =^ 12 oz ; I oz. ^ 20 dwt; 1 dioL ^ 24 gr* " 

lb., dirt* 09, gr, 

Tq add 7. 10. 14. 12 

- i9. 6. 17. 14 ^ 
6. 11. 15. 19 



84, 5. 7,81 . 
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M 

Adding te first ccdumn to the light, or ^ ipwBty what 
is over 24 gives 21, to set under this denominatioB, and 1 
dwt is carried to the next denomination, or dwt. coliunn. 
This secend column being then added, gives 47 dwt «■ 
2 oz. + 7 dwt ; therefore ^the 7 dwt, are placed under that 
co{umn, and 2 oz. arQ carried to the ounces ; the ounces 
added, witli the carrying, give 29 oz. a 2 lb. + 5 oz ; the 
later placed under ounces and the 2 pound carried give 
ultimately, by the addition of the last column the numbdr 
of whole units of pounds, 34 ; then the whole sum la 
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Apothecaries' Weight 

ib, OM, dr, ser. fcr. 

13. 7. 6. 1. 15 

5. 3. 1. 9. 10 

2. 10. 7. 1. 16 

4. .9. 3. 2. 18 

22. 11. 6. 0. 12 



Wme Measure. 

/t. gal. qt. pi» 

7. 29. 3. I 
18. 40. 1. 

3. 35, 0. 1 
12. 14. 2. 

9. 41. 3. 1 



Long Measure* 

m. fur, p» /I in, 

6. 4. 12. 7. 9 

3. 7^ 14. 12. 5 

1. 3. 0. 1. 10 
9. 6. 35. 14. 7 

2. 6. 29. 15. 3 



Square Measure. 

^ 41. f. p, /. 

7. 2. 29. 123 

9. 3. 16. , 99 

5. 1. 35. 201 
3. 0. 14. 69 

6. 2. 12.. 87 



Cubic Measure* 

fath.ffi./. , HI. 
a. 7. 23. 216 
9. 2. 14. 621 
ik 5. iK2. 907 
7. 8. 15. 68} 
a % 11. 809 



Cloth Measure. 

$fd, q, nL, in, 
17. 2. 3. 1,5 
75. 3. 1. 2,0 
39* 1 2. 1,7 
56. 3. 8, 2,1 
81. 8; 1. M 



A 



Avoirduj^ok Wei^t. • D17 Measure. 

ton, cwt. 9. /6. o«. bunh* pfc. e* pi* 

11. 12. 2. 21. 13 IT. 3. 1. 7 

3. 15. 1. 12. 7 22. 1. 1. 6 

a. 18, 3. 7. 9 . 18. 2. 0. 4 

6. 10. 2. 24. 11 7. 1. 1. 6 

S. 7. 0. 19. 14 -^— ' 



§ 61. SUBTRACTION OF DENOMINATE 
FRACTIONS. Rule. Write the denominaiim^ of the 
subdivisions of the quantity to be subiracledy under the 
same dejiominations m the quantity whence Ihey are to be 
subtracledf and subtract in each column the lower from ihe 
upptr, beginnm^ at the lowest denominatioH; a*iil in bor- 
roiHngfrom a superior denominatiofiy f^ive to ihe unilbor^ 
rowed the vaiueit has in the lower subdivision in which it is 
used. 

^ This rule is evident from the simple inversion of what 
is directed to be done in addition, and is analogous to the 
rule in the decimal system, as b evident. These subtrac- 
tioas evidently admit of proof, by the addition of the re- 
mainder to the number subtracted, as is the case in all 
subtractions. 

Example in feet, inches, Example in pounds 

and tenths. Troy. 

/ ' i'/i, Ih, oz. dwt, gr» 

17. 7, 3 22. 7. 6. 6 

8* 9,6 14. 9. 16. 12 



8. 9, 7 7. 9. 9. 17 



17. 7, 3 22. 7. 6. 5 

The borrowing in the first example, from the feet to the 
inches, has given 12 +6 in. =18in. from which 9 taken 
left 9, the, debimsds having been treated as usual; then 16 
— 8 ft. ^= 8 ft. gave the remainder 8, of the whole feet. 
So also in the second example^ we had first, by bowowing 
to the grains 24 + 6^ — 12 sfe- 17 (grains;) then in the 
second column 20 + 5 — 16«a=9 pennyweights, the 6 hav- 
ing been reduced to 5 by the preceding borrowing ;- in the 



thkd coltuim 12 -f 6 •*- 9 «b 9 ouftceily and htsUy 21 «— 
14 as 7 pounds^ the bon'€>wilig hllviag been logKle t^otigh- 
out accordiiig to the dktali6» of the aitttraiy..s«MiviskHi, 
iohI tbe.nufiitiens from which the onits were successively 
borrowed, having always been diminished by a unit. 

&XILMFLE8. 

Troy weight. 
17/6. lloz. lOdtoL 21gr. — 8(fr. lOoz. 19thr/. 22^n = 

Sib. ^6 lb. 6 ot. 17 dwt. 13 gv. = 

Apothecaries', weight. 
9 tt. og, 3 dfrt. 1 <cr. 12 gr. — 6 /6. 8 0z. 6 cf1t^ 2 scr. 
llgr,^* 

1376. — ^oz* ^dwL 2$er. 16gf. = 

Long Measure. 
IpoUsZyd. 2fL 9f». — ZfoleB A fL2 fi. 19 tm ^ 

Square Measure. 
7 ocrM 1 tood 6 jN>le« 6/^ — 5 acres 3 rooct^ 25 polu 

Cloth Measure. 
17 yd. 2 9»*. 1 nl. 1 tn. -» 15 ^^il. ^ qr. 3 9/. 2 »»• 

§ 62. MULTIPLICATION OF DENOMINATE 
FRACTIONS. From the two different ways in which it 
has been seen that denominate fractions may be compared, 
namely, as units,^ of whieh a certain number form another 
unit, or as fractions of the preceding, or rather the highest 
unit, with a certaia denc^minator understood, it may be in- 
ferred : that the mohipUcation of them can be executed in 
two different ways. 

The first, using </^ given mmbets as ttnt/a/will form 
fractions, c^ a denonunation adapted to the conventioiial 
system of subdivision, which mode is exactly analogoiis to 
what has been done in decimal fractions. This is often 
called Cross Midiiplicalion. 

The second consists in using the lower units thai are 
given as fraelimal parts of ilis whole, and lakes the pro- 
ducts of the multiplier into the multiplicand as such, distri- 
buted in parts thajt are beat adapted to the easy division of 
ike multiplieand, which are thence o(^en called aHquoi 
puts, wad expresses the results in the same unit, and ft* 
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Bubdkisions ; the imal result is obtained by tfa^ addition of 
^ product»; this method is usually caUed Practiee, 

In the application of multiplication to this species of 
quantities, we are limited by tiieir nature to those which 
are capable of producing things Teally exic^ng in nature ; 
as lineal measures into each other, which produce surfa- 
ces, and these again into lineal measures, w|iich |>roduce 
solidsw . ^ 

But such quantities as money into money, weight into 
weight, being incapable of producing any possible result, 
cannot be subject to niultipUcation as such. 

The multiplication of denominate fractions«of diflferent 
kinds into each other, ad for instance, money into weight 
or measure, &c. is to be done by the second method, or 
Practice, or by reduction to any one determined mnt, and 
its fractions, if any are in it ; then the ground of calcula- 
tion is determined by their conventional relative value. 
Xhey are in fact only calculable as certain /rac<«on« of the 
unit. This being entirely practical, will be considered 
only in the second, or applied part ^^ 

§ 63. To moltiply by the first method, or Cross Mul" 
tiplicaiion, we have the following rule, grounded upon the 
.general principles effractions. 

J\fulUpl^ ail the c<^mns ef the iMiItiplicand suetessivehf 
by all the numbers of the columns pffhemuitiplier, begin- 
ning at the right hand figure^ and carry^ in each passage 
to a higltet column^ according to the value of the subdivt" 
sions made use of ; place the results of equal quantities un- 
der each Other; their sum in the result itiU gtoe the whole 
qHaniiUes tmd the subdivisions^ according to the same scale 
as the preceding siMtimsiotis ; that is% the denominators be- 
eomiag equally products of- llu dsnominators indicated by 
the Subdivisions. 

Example. To execute 7!i.2in.X6fl.5in, 

//. trt. 

7, 2 
6. 5 



\ 



2. 11. 10 
43. 

45. 11. 10 
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By multiplyiiKg b^re ^ in. iato 5 in. we have properly made 
2 6 10 

• — X — =s — ^ ; therefore we have obtained a subdivi- 
12 12 144 

sionof the unit one degree lower, and upon the same 
scale, .than those employed; as in decimal fractiona; 
therefore, also in writing the result, thin hos been removed 
one step more to the ri^t. In maldng 

6 36 11 

7y». x6in- «7x — y^. = — = 2 + — , ^ 

12 12 12 

we have obtained first twelflhs^ and then,. by reduction to 

il 
whole numbers, 2 whole quantities, tmd — r of a foot ; the 

12 
2 12 
result of 2 1». X 6 /t = 6 X — = — = 1, has given by 

\ 12 \12 

the same principles, one foot to carry to the next t'esql^ ; 
then, by the multipie of the feet into the feet, with this 
addition, we hayc^ 6X7 + 1 ==43^ A ; the final sum is 
obtained as iu addition, but presents an inferior subdivi- 
sion, OAe degree iQwer in the same scale of subdivision 
that is used, or tweJflhs into twelfths (which are called 
Unes, where this subdivision is used ;) thence the above 

result is = 45+ — + i!..?r ^3 square ffeet 142 square 

12 144 "*^°®®- 
If we multiply again (for example the above result) by 
a lineal dimension, we shall obtain a solid^ expressed in 
the same system of subdivision i thus : 

fl, in. U 
45. 11. 10 
6. 7 



M ' . •^' 



26. 9. 10. 10 
229. IL 2 

256* 9. 0. 10 

Here- we agam obtaini by (&e veiy same process as above* 



W MnvriTunkrton or imeivohikatb yRAcriMre. 

tttd-lor the same reason, a denomiiiatioii efiU Uivw-ia4b9 
•ame scale of subdiviidon, 

9 10 
or ».256 -1 1 .— 26i5 culnc feet 

12 12 X 12 X 12 1806 cubic inches. 

§. 64. MultipUcati&n of Denominaie Fmetiohi u$ fnte^ 
Uonat parls of the vfhoU^ or Praclict. The nattire of this 
operation, as stated above, evidently leads to the rule, 

Multiply the whole and fractional parts of the mnllipH" 
eand hy the whole numbers of the muUiplier; then dislri" 
kule the fractional parts of the multiplier into suih as are 
most easily taken; take such parts jf the whole ami fraH" 
lional port of the multiplicand as t^Hl be indicated by llfcem, 
and add all these parts Jbr the final result. 

By thifl operation the products of the dif!erent fractions, 
distributed for th^ convenience of the operation^ being 
partially taken, the proof of the rule lies in the simple mui- 
tipKcatibn of fractions, and this is only repeated ; it is ge* 
nerally convenient to divide the fractions of the multiplier 
so that the smaller subsequent parts are again fractions of 
the first 

For die purpose of comparison with the other modoj we 
shall use the example already given. 
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in. 


7. 


2 


6. 


5 


43. 





2. 


*i' 


0. 


7*' 



^ » 4 tn. \ mm 



46. llf 



Here, ailer multiplying the 7 ft. 2 in. by 6, the whol^ 
number, giving 12 in.. + 42 .ft. c^ .43.fl. the 5 ii^. of the 
multiplier are divided into 4]^ ^=» ^ f\. and 1 iki. ^ ^ of 
4, in. or| X |f^. the | X 7 ft. giving 2 ft. and! ft. re- 
maining, which gives 12 in. to add4o ihe 2 in., the ^ of the. 
t^2 + 2) in, 9 14 in. being taken, gives 4| in.^.as in the 
iMeaiiujtnB'^ 4ie setonn fiftOlioiial part%cimg |- ^^VBif^-^* 
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2 

Q£2fL + 4 f «t. >» 23| tn., the i of which isT + 



3x 4 

= 7 + J in., gives the third line j the addition of the pro- 
ducts is easify tinderatood from the additiqn of fractions, 
*^f + i = i"l*i^^i> ft^d the rest is like the additioa 
of denominate fractions. 

Let this example be continued, as was done in the for- 
mer case. 



Jf- 


tw. 










45. 


"J 










6. 


7 


$ 








229. 


u* 




22. 


UU 


SK 


1 

J 


= 


6 in. 


3. 


9fJ 


^ 


i 


X 


*^ 



Tin. 



256. .941 



We have 5 x | = y == 4 + ^, for the product of the 
whole number 5 into the fraction ; then 5x11 + 4 = 
59 in. = 4 ft. 11 in., from the whole into the inches, wir.h 
the carrying, the rest then as whole numbers, or 45 
X 5 + 4 feet. For the 7 in. we' take 6 in. = ^ 0., and 
1 in. = i X f ft. ; therefore i X (45 ft. ll^tw.) giving 
the second line easily ; and the third line bemg ^ of that, 
presents y ft. = 3 ft. + V ^^5 *^® second part Or 
48 in. -f- lltw. 

■ ==9 in + f ; and the fractional part of 
6 
this, making in ^ as the upper fractioa»is |f , which add- 
11 . 71 

ed fo — f, gives ~ 7 J- 

6 X 12 12 X 6 

The addition is executed in the fractional part by reducing 
them all to the^ denominator 72, for their common denotni- 
nator ; the whole twelfths are then oarded to the next ad- 
dition, which is executed as shown in its place. 

If any such denonunate fraction of any kind is to be mul- - 

tiplied by a whole number, it is evident, that nothing is 1^- ^ ] 

quired but to maltiply ewcb of the parts by this number 
-8 - 
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successively, in the above order ; caTrying'*'acc(M'ding to 
the principle of the given arbitrary subdivision, exactly itA 
was done with the first, or whole number above. This is 
evidently admissible with any subdrvision, and needs no 
separate explanation, as it has actually been already given. 
§ 65. The fwo preceding modes of perfbrmingUie mul- 
tiplication of denominate fractions being evidently Cum- 
bersome when applied to great calculations, and when the 
fractional parts, or lower denominations, are not easy ali- 
quot parts of the whole, it will be often most convenient, 
te reduce the factors to whole and decimal fractions, by 
the methods taught in their proper place, and then to pro- 
ceed by multiplication of decimals ; for this purpose the 
fractions would be marked with their divisors, according 
to the habitual subdivision, and the execution of the divi- 
sion will give the proper decimal. 

JExamph, Let the preceding question be executed in 
this manner, and by abridged multiplication of decimals ; 
we obtain as follows : 

7 + ^ = 7,1666 . . . . : 6 4- /i^ = 6,41666 
Performing the abridged multipUcation thus : 

6,41666 

7,16666 

44,91666 

64167 

38600 

3850 

385 

38 

4 ■ . * 



45,98610 

As both fractions are repeating) having a continued repe- 
tition of the 6, the products of these have been inserted, 
as long as they- have any influence in the numbeis pre- 
served, by repeating the first product of 6, receding every 
time one place more to the right : And in the last numbers 
of the products always carrying from a product of a pr«i» 
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vious 6 ; this has been perfonned throughout, by augment- 
ing the last frgure one unit 

The second multiplication, treated in the same way, 
will, when executed, give the following 

Example. 5 -|— j^ = 5,58333, the series of 3 being 
again continued, multiplied in the last product gives 

45,9S6i 
6,6833 



229,9306 

22,99^0 

3,6789 

1379 

138 

- 14 

1 



256,7556 &c. 

To, compare these thre^ results together will be most ea« 
sily done by reducing the two foriaer ones to decimals. - 
Thus we -obtain by section 60, 

9 10 . 

^56 H 1 = 256,75578 &c. 

12 1728 !• 

9 6 

by 8ecti<» 64, 266 H h — ^ == 256^75578 &c. 

^ . 12 864 

by the decimals above, = 256,7556 ^ . 

The ditference of nearly two. units in the fourth decimal, 
or the ten thousandth parts, is owing to the neglect of the 
last decimals of the factors, which of course gives a small- 
" er result, but which is in most cases sufficiently accurate ; 
a'farther extension of the decimals would of course cause 
a nearer approxunation to the other results. 

Examples. Execute under thelthree difierent forms, the 
following: 

l8t. 17 f. 9,17 in, X 12/.2,3fii. ^. 
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2nd. 41 /. 8,a08 tn. X 21 /. 11,481 «fi. a 

3d. 3/. 10,2 in. X 7/ 4,32 tn. X 9/7,63 t». = 

1/^. 21/. 8,897 1». X 42/ 9,391 in. a 

Vh. 62/ 7,96 t». X 0/ 11,2 in. X 1/ 6,3 in. = 

6/^. 36/ 6 in. X 2/ 3,6 in. X 1/ 9fiin. « 
7/A. 18/ 3,6 tn. X 3/ 2 in. X2f. 2,6 in. = 
S/A. 21/ 7,5 in. X 0/'9^iJi. X 0,9 in. = 
.9/^. 24/ 6t». X 0/ 10,6 tA. X Of. 8,^ in. a 
lOf^. 5/ 6,5 in X 32/ 6 in. X 24/ 4 in. = 

§ 66. DIVISION OF DENOMINATE FRAC 
TIONS. The remark made hi relation to the multiplica' 
tion o|*, this kind of fractions, upon the inconveniences ol 
the operation, and its being applicable, generally speaking, 
to lineal dinoensions only, applies still more forcibly to 
their division ; m all .other casesgfthe quotiei^^s are not re- 
quired in the same denomination of subdivisions ; and in 
cases where the divisor and the dividend are of it different 
kind of quantity, they areinredity impossible in nature. 
But in the case of lineal dimensions, which produce by 
the 6rst multiplication superficial magnitudes, and in a se- 
cond solids, .as both objects really exist in nature, it may 
sometimes be desirable to have a quotient giv«i in the 
same, denominate fractions,' or subdivisions. .- ^ 

In all cases, therefore, where such a division occurs in 
the course of a calculation, the nature of the quantities 
concerned are lef\ Dut of oeensideration, and the quotient 
inquired into is considered as a mere number. To do tliis, 
two ways present themselves ; either to reduce every de- 
nomination of the numbers concerned to the lowest deno- 
mination of denominate fractions contained in them, and 
divide the whole numbers resulting ; the quotieint will give ' 
a result in unxli of ih» wf^le (not of tlie subdivision om- ' 
ployed,) because il expresses the value of the general fr^C' 
tion expressed by the division^ which is itself independent 
of the subdivision employed In the calculation. 
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Or the denDminate fractk)n8 may be deduced into deci* 
mals of the whole quantity, as seen in the preceding sec- 
tion ; and the division of these will give exactly the game re- 
8uU, as the reduction to the lowest denominalion ; because 
the quotient resulting gives also here the actual value of 
the fraction expressed by the division. 

.§ 67* To pirfprm a Divisum of Denominaie Fraetions. 
As this may be desired, in lineal dimensions, it will b^ 
proper to give an appropriate general rule ; as follows : 

Fi»d the whole number whichy multiplied into the divisor^ 
will give d product nearest below the dividend, and divide 
by it as in common division, only minding the transfer or 
carrying from one denomination to the other, according to 
the princtple of the denominate fraction under calculation ; 
then reduce the remainder to, the next lower denomination, 
and multiply the product by the denominator^ of the denomi" 
note fraction ; reduce also the whole divisor to the neact 
lower denominate fraction, and divide the last obtained di~ 
vidend by it ; the result toiU give a nunUfer expressedin this 
next lower denomination ; thus continue to the end of alt llu 
dt^ircd subdivisions* 

The reason of this, rule is evident, in its first step, from 
common division of whole numbers ; in the second, and 
following steps, the multiplication of the remainder, alitor 
reduction by the . denominator of the' denominate fVaction, 
is necessary to give by the division a result expressed in 
units of this lower division ; in the same manner as for 
decimal fractions, a was added to every remamder, to 
produce a quotient of the next lower rank ^of decimals, 
because this 0,^ produced a multipUcation by 10. 

Example. To divide 



16. 8 



2. 1 = 25 ut. 

Duilt^ying this remainder by 12, and reducing also the 
divisor,- gives the following sec<Mid division : 

8* ^ 



04 myuionf of denominats nAnrMKM* 

30oVit. 12 I 

94 94 8 



292 
12 



The first quotient foiuKl here, or the feet, is 2 ;' then the 
remainder, 2 ft, I tW, reduced, gives 25 in,, wrhich multi- 
phed by 12, to give the next denominate fraction, by the 
division with the reduced divisor, or 94 ; this division 
gives 3 m., and the fraction which is here left, but could 
be reduced again to twelfth parts, as the next subdivision, 
by the same operation aa the inches were obtained, if de- 
sired. ' It must be observed here : that iii the dividend the 
9 were treated as twelflh parts of the square foot, which 
are not square inches ; if they were such, they would pre- 
sent the denominator 12 X 12 = 144, as may easily be 
judged, by reflecting upon the multipHcation shown above, 
or beeaifee 1 fl* '—12 tn. gives 1 Jl^ square = 12 in, X 
12 tn. = 144 square inches. 

To ^xecuU the same OperctHon or Division by the iwo 
other Methods, The process of reduction to the lowest 
denomination, or to whole and decimal numbers, is evi- 
dent from the principles of division taught for the two ca- 
ses, in the division of whole numbers and of decimal frac- 
tions* 

The abave example would stand in them as follow^ : 
\st. By reduction to the lowest denomination, 

/'. 

ITJif 213 tm. 

= = 2,2659 yi. =2/1. 3,1908 

7. 10 94 . 
this last by multiplying the decimals by 12, the denomina- * 
tor of the denominate- fraction. 

2d, By the whole numbers, and the value of the subdi- 
visions in decimals, 
- 17 J^ 17,75 

= = 2,2660 = 2yt 3,192 Iw. 

7. 10 7^8333 
The first result will be -aomewhat too small, on accoufil 
of the discontinued division, the second somewhat loo 
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large, on account of the discontinued series of 3 in the 
divisor, which, being smaller, leaves the quotient to be- 
come somewhat larger* 

Examples. Execute in the three different methods the 
following divisions : 

16/. 7,32 in. 78/. 42,32 in. 

l$i, -. ; 2nd. =^ — ; 

2 f. 9,5 in. 3/. 6)94tfi. 

416/ 27,9 in. 302 /. 9 in. 

44 / 6,5 tti. 6 /. 7,5 it^ 

212/ 17 w. 129/9tfi. 

&tlu I eth. ; 

49/^6 u». ^2f.&in. 

92/ 9,6 in. 105/ 19 in. 

7th. ' — f Sth. ' ; 

50/3i». 6/10«n. . 

99 / 34 in. 101/ 84,6 in. 

9th. ; loth. ; 

3/ 2 in. 2/ 9,5 in. 

It is tb be observed that the inches in the numerator 
are square inches, of which 144 make the square foot. 

The whole of the examples executed in denominate 
fractions, and particularly the latter ones, show : that the 
calculation of denominate fractions properly belongs to the 
applied or practical part of arithmetic, which is intended 
to be treated in the next jchapter ; it has however appear- 
ed proper to treat of their principles here, considering them 
as fractions of a particular nature, as these considerations 
tend to illustrate the general view of fractions ; to enter 
more minutely into details is however the province of the 
practical part, where more examples will appear, and 
where it will, become evident to every attentive peruser of 
tliis work : that the proper understanding of the principles 
of ari|hmetic will suggest to him ii) every case the ideas 
which win lead him to the most judicious, accurate, and 
ihoit way tsi axscviM calculations, implying such detail 
cases. 
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PRACTICAL APPLICATIONS OF THE FOUR RUXfiS OF 

ARITHMETIC. ^ 



CHAPTER I. 

General Principles of the ^Application of the Four Rnles 

of Arttkmetic. 

§ 68. In the previous chapters have been deduced, 
from the first principles of the combination of quantity 
and numbers, what are caUed the Four Rules of Arithme- 
tic, and they have been applied to the different forms in 
which quantities are presented, namely : as Whole num' 
^ bera of units, or as parts- of the same ; and these lattei 
expressed either by their general relation to the unit, as 
in Vulgar Fractions, or by a continuation of the decimal 
system below the unit, as in Decimal Fra^ctions, or as ar- 
bitrary subdivisions under the name of Denominate JFr«c- 
tions. 

The preceding part may therefore be considered as the 
theory of the four rules of arithmetic ; it will already pre- 
sent the solution of a great number of the questions aris- 
ing in common life from dcdly intercourse or occupation. 
Though this appUcation might be made by the teacher, it 
may not be improper, particnlarly for such persons as 
should wish to undertake the study of arithmetic by them- 
selves, here to give a few leading ideas to guide them in 
the proper choice of the rule for any distinctly given case, 
together with some examples. 

§ 69. Under the head of Addition wDl come: all 
such ques^tions, where quantities of the same kind are to 
be counted together, as has been seen to be the origin of 
this first rule. It is of course impossible, to add quanti* 
ties of different kinds together under any deaominatioii 
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tliim as m^e ihmgs ; and this remark, simple as it is, may 
escape in certain cases. We have seen, for example, in 
fractions, that we were compelled to make such changes 
in the denoniinators as produced the efiect, of reduring 
the quantities which are of a different kind, on account of 
their heing different parts of the unit, to quantities of the 
^SLtQB kind, or denomination, before they could bcadded. 

That all. this applies equally to Subtrtiction, is evident 
from the principle, that it is only the opposite operation of 
Addition. 

§ 70. . So for example* A &rmer^ making the enume- 
ration of his live stock, may add them under their diffe- 
rent d^Komtnations, as different kinds, or in sum total. 

Suppose, therefore, a farmer had his live-stock distri- 
buted in dififerent lots of ground, as follows : 

In the door-yard are 3 cows, each with a calf, 2 horses, 
and 4 .pigs. 

In the meadow he has 4 ox^^n, 6 cows, and 3 young 
horsas. 

In the field, a flock of 36 sheep, 5 coxs and 4 calves. 

He lets run in the woods, 9 pigs, 7 cows, 4 young 
oxen, and 2 horses. 

We may ask here, first, the sum of all his live-stock, 
wliich will comprehend all w^hat is above under one sum ; 
thus : ' 

2 horses 

3 cows 

3 calves 

4 pigs 
4 oxen 
6 cows 

3 horses 
35 sl^eep 

6 cows 

4 calves 
9 pigs 

7 cows 
4 oxen 
2 horses 

91 heads of live-stoeib 
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Oxen. 


Cahet. 


Horses, 


Pigf* 


4 


3 


2 


4 


4 


4 


3 
2 


9 


8 


7 


13 


1 • 


"7 




. 


1 __. 







2ful. We may ask how many of each kind, atid then 
we shall have to separate the quantities above, in this . 
manner : 
Cows, I Oxen. Calves. \ Horses, 'Pigs, Sheep, 

3 14 3 2 4 35 

6 
5 
7 

21 

Other examples of Simple Addition may be the follow- 
ing: 

For a certain undertaking m a village, seven men agree 
to give, each as much money as he has in cash in pocket ; 
John has $47 ; Peter $121 ; James $60 ; RichaFd $79 ; 
Francis $107; Frederick $192; and William $305; 
how much stock do they bring together? The addition 
gives: . $ 47 

121 
50 
79 
107 
192 
305 



$901 



How much is the whole banking stock in New-York, 
the stocks of the chartered banks being as follows : 



Bank of New-York, 
Manhattan Bank, 
Merchants* Bank, 
Mechanics' Bank, 
Union Bank, 
Bank of America, 
City Bank, 
Phoenix Bank, 
United States* Bank, 
Franklin Bank, 
North River Bank, 
Tradesmen's Bank, 
Chemical Bank, 
Fulton Bank, 



950,000 

2,050,000 

1,490,000 

2,000,000 

1,000,000 

2,000,000 

2,000,000 

600,000 

35,000,000 

500,000 

500,000 

600,000 

600,000 

600,000 
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EXAMPLES* 

1. The boys of this school have marbles in pocket, A 
has 12, B has 41, C has 17, D has 29, E has 34, F has 
72, (f has 16, H has 62, 1 has 90 ; how many, have they 
all together 1 

2. From Savannah, in Georgia, to Charleston, is IIS 
miles, from thence to Raleigh, in North Carolina, 256 
miles, thence to Richmond, 164 miles, thence to Washing- 
ton, 123 miles, thence to Baltimore, 37 miles, thence to 
Philadelphia) IOQl miles, thence to New- York, 100 miles, 
thence to Albany, 140 miles, thence to Whitehall, 70 miles, 
thence to Burlington, Yermbnt, 70 miles, thence to Mont- 
real, 1 00 miles ; how many miles is it from Savannah to 
Montreal? and if a man travels at the rate of 80 miles 
per day,, how many days wiH he have to travel the whole 1 

. 3. The diameters of the principal planets are as fol- 
lows : Mercury J 6057000 feet, Venus 40125400 feet, the 
Earth 41836420 feet. Mars ^l 646200 feet, Vesta 212000 
feet, Juno 12389460 feet, Ceres 2125480 fe«t, Pallas 
27619700 feet, Jupiter 4643343000 feet, Saturn 41763300 
feet, Uranus 181210000 feet; how much would they make 
in distance supposing them all placed together 1 

4. Rome being built 817 years after the Pyramids of^ - 
Egypt, and 146 years before the Christian Era, America 
having been discovered 1594, the Declaration of Indepen- 
dence by the United States having taken place 182 years 
afterwards, and the year of it now counted being 52 ; how 
long is it since the building of the Egyptian Pyramids 1 

5. A captain has on board 170 bales, each paying 
freight $1,25; 305 packages, each paying 87^ cents; 
230 tons of other goods, each ton paying $12,62^ ; and 
6 passengers, each paying $78,50 ; how much does his 
whole freight and passage money* amount to ? 

Jina. $3854, 12-J. 

6. A grocer making an inventory, finds he has in cash 
$17,52; in various liquors the amount of $215,17; in 
soap, candles, and such articles, $92,54 ; in. spices, 
$107^2 ; in salt fish and similar provisions, $49,62 ; and 
in various small articles besides the furniture o/ his store, 
in all $57,84 ; what is the whole amount of bis stock 1 



100 FAAeTitfAL APfLrcATidirs or 

EXAHPLBS OF StJftTRACTION. 

1. Francis lias 35 head of cattle on his farm, And his 
neighbour James 84 ; how much has the one more than 
the other ? 

James's cattle 84 

Francis' cattle 36 

Difierence 49 which James has more. 

2. k. man going into . account with himself finds his 
whole property amounts t6 $18406, anci that he has 
$10509 debts ; how does he stand? 

• • • • 

Property 9 18406 
Debts 10509 



Difference $ 7897 clear property lefl. 

3.. In a year there are 365 days ; of these 52 are Sun« 
days ; how many working dajs are there in a year ? 

Anz.ZlZ dmjs* 

4. A man in business bought, during the year, goods to 
the amount of $106409, and sold to the amount of 
$59879 ; taken at the same price or estimate, what amount 
<i£ goods has he leil X Ms. $46530. 

5. What time elapsed between the publication of the 
Copemican system of the world, 1543, and Newton's 
first publication of his Philosophy, in 16S6? 

6. How many more inhabitants are there in the State of 
New- York, whose population is 1372812, than in the 
State of Kentucky, whose population is 564313 1 

7. As I have 76 sheep, and my neighbour has 135, how 
many has he more than I ? 

8. How long a time passed between the general peace 
of Europe made in 1666, and that made in 1815? 

9. What is the present year of the Turks, as their era 
begins 622 years dler the Christian era ? 

10. How long a time passed between the invention of 
gunpowder, in 1330, and the election of General Wash- 
ington to the Presidency of the United States, in 1789 ? 

11. The diameter of the planets being as stated in one 
of the preceding questions, how much is that sum less 



I 



thal^ the diuneter of the Bus, vyeh has 4674790000 
feel? 

§ 71. The applications of MiiltipUcation oceur in etery 
case where one of the quantities occurs repeatedly, this 
repartition being as often as indicated by another number, 
which forms the muTtipUer ; sii&h is the case, for instance , 
in ail purchases, profits, interest, at a certain rate for the 
adopted unit ot* the things bought, sold, or lent, or in ge- 
neral, whenever the same thing or quantity is repeatedly 
taken. .. 

EXAMPLES. 

1. John buys. 12 peaches at 3 cents a>pi<>ee$ hew 
much has he to pay t «Ajm. 80 cMts. 

2. 4B head of poultry bought at 5 cents per head;- how . 
manjr cents to pay! Ans. 240* 

3. The year has 365 days, every day 24 hours ; how 
many hours in a yearl An$. $760 hours. 

4. How many minutes are there in a month of 31 days, 
the day having 24 hours, and the hour 60 minutes ? 

An^. 44640 minuteg. 

5. A inerchant bought 56 bales, of cotton goods ; 15 of 
them held 21 pieces, 29 held 28 pieces, and the rest 25 
pi^Qs eadh; for each piece he pays $3 ; how much must 
he pay for the whole ? 

} 1427 pieces of cotton good9« 
The numbers indicating the quantity of pieces in each 
bale are to be multiplied by the number of bales respec* 
Uvely ; Uie sum of these results gives the whole number 
of pieces, which being multiplied by 3, the price of each 
piece, gives the final result. 

6. A merchant bought 963 barrels of flour ; on weigh- 
ing them, he finds tbeir average weight 202 lbs, aod^that 
the barrels average 7 lbs. weight each ; how many pounds 
of flour has he r Ans. 1S7785 tbg. 

WoU. The subtrac^tion needed in the above example 
from each JiNirrel, is what ia^commerce id oidled iart ; the 
remainiog weightis what is catted neat weight, Tkre is 
usually detennined by^an ap|Nrotzimate valuation, m each 
particular kind of paekage, aeeor^ng 4o oerlaia habitual 

9 
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and %r9>n local rules. It is suiicieiit to know these, to 
'execute any example of mercantile calculation relating to 
what is called lore, as they form a subtraction upon agreed 
principles. 

7. The sum of $6500 is lent out at interest, for three 
years, at six per cent, simple interest, annually ; what will 
be the whole amount of that interest in three years 1 

The interest per cent^ being evidently a' decimal frac- 
tion, in the place of the hundreds, or second decimal ; the 
whole operation of any interest calculation for the year, 
t^onsists in multiplying the capital given with the corres- 
ponding decimal fraction, and for more years, to multiply 
this product again by the number of years required ; thus ' 
the above consists in the execution of the following mul- 
tiplication: 

6500 X 0,06 X 3 = 390 X 3 = $1170. 

It is evident also from this, that all transactions of com- 
mission, brokerage, exchange, notes, drafts, stock, &c., 
which are grounded upon a certain per centage of* pre- 
mium, or discount, are exactly of the same nature, and 
determine a decimal fraction by which the amount is to be' 
multiplied, as in the' present example. 

8. Seven boys have each twelve marbles ; how many 
marbles have tliey all together ? 

9. If 5 boys buy each half a peck of apples, aad each 
half peck holds on an average 16 apples, how many apples 
have they all together 1 

10. A company of soldiers of 105 men and the offi- 
cers, having all muskets, each weighing 5 pounds, and 2 
pounds of ammunition, how much weight have they to 
carry all together ? 

11. A ton, ship's weight, is 2200 pounds ; how many 
potinds weight will be in a vessel cah'ying 45Q tons t 

12. Twenty bales of cloth, containing each 27 pieces, 
of 2S yards the piece, how many yards jure there in the 
whole ? - 

§ 72. XHtHsian applies in ordinary business to all cases, 
where any quantity c^ things 4s to be dii^ded among an 
equal number of persons, or in an eq^alipLumber i}i lots or 
parts ; the quotient will give the share of each person, or 
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« 

tiie quantUj of thiii^s in each lot or part It irall there- 
fore also appl/ to fmd the price of a single piece of a 
thing, of which a large number has been purchased, 'for a 
certain price ; as in die following * 

£XAHPL£S. . 

1 . A father, having six sons, leaves a property of $76590 
'to be shared equally among them ; how much will each 
son get? dns.$l2765i 

2. The provision of an army in bread is 905()7 Ib^. ; 
it is intended to distribute the whole to the soldiers, to 
save separate transportation ; there are 10063 soldiers ; 
how many pounds will, each have to carry 1. Jins» 9 /6«« 

3. The expenses of paving a street, 500 feet in length, 
amount to $1000 ; the amount is to be distributed among 
the owners of the adjoining lots, each having a lot of 25 
feet ; how much will each lot or owner have to pay 1 

• / .W $50. 

4. A merchant bought 109 bales of calico, fbr the total 
amount of $12232 ; he finds that 40 bales contain each 
30 pieces, 50 contain each 25 pieces, and the rest contain 
^2 pieces each ; how high does each piece stand him 1 

Ans. $4. 
' 5. ^ow many days are there in 24480 minutes, each 
day haviRg'24 hours, each hour 60 minutes 1 Jlns* I'Jds. 

6. How many days will it take a man to travel 945 
miles^ if he travel 35 miles per day ? Jlns* 27 ds, 

7. J have 750 pieces of cloth, and can put no more 
than 16 pieces ia a bale ; how many bales shall I have to 
make? :^ 

8. A schoolmaster has 62 boys, and having a lot of 434 
marbles, which he wishes to distribute equally among his 
boys as a reward ; how many will each of them get ? 

d. If a inan has an annual income of $3555, hoW much 
<can he spend per day ? ^ 

10. A man having two hundred and fifly miles to travel, 
liud travelling ^4 miles per day, bow long will he be in 
performing the journey ? 

§ 73. It wiU be proper here io draw the attention to a 
general principle, which will always guide us m the use of 



nuilliplieation, as i^IM to ai^ purpose of Ufii^or ovtii 
of science ; namely : it expresses always by the two Vic- 
tors a certain caiuae^ and a certain repetition of the sane, 
which may be best represented by^me, for this is the mea- 
sure of repetition of effects in nature, as ne have seen it 
to be, for instance, in calculations of interest, &c. ; the 
result of these factors, giving the oroduct of the numbers, 
represents equally well the ej'ecl produced by the cause, 
represented by the one factor acting a certain time, which 
is represented by the other factor. 

So we may represent the multiplication and its results 
as t^e product of camt into fome, being tquidto tktir tf" 
fectf (Uie great law which is to be exactly filled in er^y 
explanation Or invesfi^tion of a subject of natural philo- 
sophy.) Instead of time, we may als^ call that lector 
power, and the other the object acted upon by this power: 
the ideas of cause and time however, always c^ply eqMally 
%vell ; as for instance, a man havitig certain hieaus to do a 
thing, and using them so much, or so anany times, would 
be the same thuig in respect to the effect ; and so in jdl 
similar cases* 

As tlie application of muhipUcation includes all the*cases 
where a cajuse acting a certain time, or number of times, 
produced a certain efiect ; so division may, with^ equal 
propriety, be considered as dtcomposmg 'the effect, %nio 
its causB and time; the one of these being given, besides 
the effect. Thus we evidently find^ that if a certain 
work has been done, by a certain number Of men, in a 
certain time, the work expressed in numbers representing 
the effect, the time of the work, or the number of miOki 
being given^ the number of men, or the time of tlieir work, 
may be found, by dividing the effect inversely by the nuiti- 
ber of men, or the time they worked. In like maimer : 
if the interest obtained upon a sum of money in a certain 
number of years be given, the yearly amount of it (that is 
the cause) will be given> by the quotient arising from the 
division of the whole amount by the aumber of years, and 
viee versa. 
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CHAPTER IL 

A^^fUeaiMn of the Four Rtdts of Jiritkmetic to tul kinds 
if Questions, invoking Fractions of either Mnd* 

§ 74. In most of the circumstances, where calculation 
is to be applied in common life, the given quantities eithec 
contain certain fractions, or denominate subdivisions of 
the unit, which have bee^n called Denominate Fractions, 
or they often lead to such by division, as has been seen in 
ks place; The calculator Inoust determine by the aid of 
proper reflection upon any given case, and by his knowv 
ledge of the principles or theory* of arithmetic, in what 
manner it will be most easy, and) according to the aim of 
the calculation, most accurate, to obtain the result. Prac- 
tice gives great facilities for this determination ; in the in- 
structions for performing it, only general considerations, 
or principles can be presented, and examples that may 
serve as an introduction to it ; this is the aim of the pre- 
sent chapter* 

It may, for instance, be readily inferred from a compa- 
rison of tho operations in Vulgar and in Decimal Frac- 
tions, that in complicated (iddiHons.o^ numbers, involving 
vulgar fractions whose denominators are not simple, or 
commensurable, (that is, the one a multiple of the other,) 
the reduction of the fractional part into decimal fractions, 
before they are added, is peculiarly advantageous. 

In subtraction the siune is*the oase, in a iess degree, 
however, on account of the circumstance of there being 
only two fractions that ean possibly be engaged in one 
operation. 

Denominate fractions present no difficulty, in either ad- 
dition or subiractiohj more than common numbers, except 
the attention that is necessary in the carrying, or borrow- 
ing, from one denomination to the other, but are from that 
circumstance, and their irregular progressions, far less con- 
venient than decimal fractions. From this circumstance 
the decimal system derives great advantage, and has for 
that reason been introduced at least in the coins of the 
Vftiled States 

9* . -^ 
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The reduction of to/^tf/e numbers into fractions will ncrrer 
be needed in cMition ; when it may be required in sub- 
traction, the application of the principle of borrowing one 
single unity and reducing the same into the required frac- 
tion, as in the addition of whole numbers imd decimals, 
will be the most advantageous and shortest method, 
wherever the redaction of the vulgar fraction into a deci- 
^mal fraction does. not present greater advantages. 

The preceding remarks, in addition to what has been 
said upo|i the application «f the two first rules of arithme- 
tic, may suffice in this place ; particularly ^3 in multipli- 
caiioa and division they again naturaUy occur, and receive 
their explanation and application, in a manner slill more 
instructive, than when treated alone. 

A lew examples placed here for exercise may therefore 
suffice ; they will be expressed by the sig^ns of the opera- 
tion when given simply, in order at the same time to afiord 
an opportunity of exercise in their use. 

Ut Execute 17 + 4 + V + 3 + }+9 + J = 
ind. „ 1+1 + 5 + 1^^ + 3 + 1* + 6 + J=^ 

»^ »^ — f + 3 + » + T-| + 6 — tV = 
^h. „ 5 + 1 + 2 — tV-^t», +7 — ^ + 3 + 

6ih, „ 4,65080906 + 0,0070606 + 114,604091 

+ 0,985 + 406,307506 + 3000,040907 « 

Sik. n 6,040970«2 «^ 5,908986072 = 

7ih. „ 3,4091 — 3,0B472%f 5,0809701 

— 2,908062 + 101,01980 — 67,520998 
+ 3,05 ^0,0672 r=: 

&h. „ 13 ft. 7,6 in. + 4 ft. 6,3 in. + 16 /L 0,6 t». 
.. + Oft. 7,13 in. = • 

9ifc. " „ 6ft. 9i2ffi. + Oft. 11^6 1».— 6 ft. 4,«S tit. == 

lOtk. „ 9lb.7oz.2dioi.7gr.+6oM.7diui.l9tr.mt 
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11 A* „ 107 Ih. 4 oz. dwU 6 fi;r. + 6 oir. 6 chef. 

gr, + 6 dfnU 1-9 ^. + 6 /6. 02« 7 gr. •*- 
106 i6* 10 OS. 15 dwU 20 gr. =s 

Qtcetf^fOfi 1. A fanner threshed grain 7 dajs s 

the 1 si day 12^ bushek 

„ Znd yy 18^ H 

„ Zd „ 24J „ • 

^ Uh „ 30} „ 

9, 5th jf 32} ,| 

„ 6ih „ 44| „ 

♦, 7<;i ,, 15^ „ 

He paid ht» help in grain ; to one man he gave d| btishets, 
(o another 2-^ ; and he returned to his neighbour what he 
had last borrowed of hkn to go to mill, which was 7f 
bushels ; how much grain has be lefl ? An$. 165^ busk* 
2. A man goes out to colledt payment of balls ; he pays 
also his own debts in going his round ; thus he gets from 
James $77, 65 ; from William $^105, 37^ ; then he pays 
his grocer $98, 12| ; going on he gets from P. Jones 
$307, €2^; and from J. Johnson he gets $692, 875 
now hethmkshimself able to make a payment 
on his house of (with interest) $856, 625, and pays his 
tailor yet $28, 375 ; how much has be lef% when he gets 
home ? Jins. $200, 4. 

§ 75. We have seen that the multiplication of whole 
numbers alone, and of fractions alone, presents no diffi- 
culty, while the mixture of both, as we have giv<m an ex- 
ample, by reducing the denominate fractions to fract lonal 
parts, with small denominators, equivalent to them, has 
shown an operation, which we would gladly have exchang- 
ed for one on the same jUinciple as the decimal system. 
Still it will alwavs depend upon the judgment of the cal- 
cidator, to which mode he shaU give the preference, if his 
data are partly given in fractions ; because these are4>fteif9 
even more generally, in no complicated proportions, as for 
instance, I; t; 1; i; f; i; and the like ;* and parti- 
cularly when only one factor lias a fra^tiotif the o{)erati6a 
nm^ be easily enough performed, to permit the like reduc- 
tions to be avo^dj whkb nay, for uwtaace, iDi i $ i; |9 
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and the tike, lead to intennkiate decuAals. In this, there- 
fore, the judgtaent of the calculator must decide, and it is 
very improper to bind one's self to any single peculiar 
mode ; reflection will lead ton calculation easy and acu- 
rate, while a mere mechanical process will, when a Qfiis- 
take occurs, cause embarassment. What we would here 
advise is, good order in all calculations ; that any example, 
however complicated, be written distinctly and regularly, 
in the order in which it proceeds, accompanied by the signs 
of the operations that are appropriate^ whenever the ope- 
ration itself might not declare* it distinctly. All this is no- 
thing else but the necessary and well known principle,- tiiat 
every thing mustbe done with reflection and order^ if it is 
to succeed. 

The mode of proceeding will niost likely be best eluci- 
dated by a few examples of difi^rent kinds, accompanied 
by appropriate reasoning. ^ ' ^ 

Ist Example. Seventeen packages of goods, each 
weighing 72^ pounds ; - what is the total weight ? 

2nd. If one hundred weight of wopl is bought at 40| 
dollars, what will 17f hundreds cost ? 

Write this example thus : 

17.| 



40. i 


680. 
30. 

5.H 



715. {^ 

The first product is obtained &y^e multiplication of IT 
X 40 ; then | X 40 gives the second line ; then multi- 
plying the 17| by i, or whdt is the same thing, taking the 
tHird part of it, the 17 gives 6, and the remaining whole 
quantity 2 ;^ which reduced to fourth parts, gives f to be 
added to the fraction J, giving ^^ ; which are to be dryid- 
ed by 8 ; and give the' fVactional part H ; the sum of all 
the three products, is the product o£ the whole number8| 
and fractions, into ea^ other, as required 
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M», T<»f^«ii«LattplorequiriiqfiiiorefrM«ioQ«lop«" 
rstioD) let the following muldpliGation be giveo : 

34. 1 

following the operation as before^ (tho Qpara- 1^*1 

tion shall here be demoted by the signs.) — ^ 

^ 9 X 34 = 306 

10X34.5=340 
Decbmposing ) {19x|^9*^ 

the fraction} } f x 19.'^ < 19 x | «« 4. | 

»toJ + i + {| (19 X t« 2.i 

and the fraction I . ^ /a* j. , x -- f ♦!. *„!Ll ^ a it 
2 inio-i 4- A -4- A f f X (84 + I) » < the same *r 6. ^t 
f««o.-t-*i"rl (thesanie^ 6.J| 

34f X 19$ =s 683. ii 

In the same wiiy any other example of mixed numbert 
would be carried on ; this, which was chosen to show how 
to decompose the fractions for the opeiation, would evi- 
dently nut be executed in this manner by a reflecting cal- 
Gulator ; for the reduction to deciinals is easy, and the de- 
cimal fractions terminate ; thus : 

34} =s 34, 875 
19} -» 19,6 

313,^75 

348,75 
20,9250 

683, 5500 

U multiplied, with the greatest ease, and reducing back* 

55 11 

wards again ; the fraction —— = — , 

MOO 20 

5 



55 



11 



20 



' 100 

^ 4tJk. A lunber merchant has 12 pieces of timber of 
4^,foeC long, ami 15 inches square ; how noany cubic feet 
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hm be ; and what sum total will he^ for itjit 12^ e^nts 
the cubic foot? ^ 

Here we may evidently proceed either by Denominate^ 
Fractions, and Practice^ or Cross Multiplication, or by 
Decimals ; for the latter the exaiiip)^ presents the great- 
est facility, on account of the fractions being^ easily reduci* 
ble ; it shall be made here in the three ways, {Parallel to 
each other for the contents of each piece, the rest being 
m simple quantities, and the money of decimal division is 
in all cases best suited for decimal multiplication. 



Bp Croii 

MuUiplicatiori, 
46. 6 
1. 3 

11. 7. 6 
46. 6 

58. 1. 6 

1. 3r- 



14; 6. 4. 
58.- 1. 6 



6 



72, 7. 10. 6 



ByDui- 
malt, 

1,25 

1,25 



1,25 
250 
625 

1, 5625 
46,5 




72^65625 



By "Praeiice, 
/(. »n. 
1. 3 
1. 3 



1. 


3 


■ 


3* 


1. 


«f 


46. 


« 



46. 6 ttt. ft. 
23. 3 = 6 = J ' 

I. lli = J«A 

0. llf = |=^=:fXA 



72. 7f 



The cubic contents of each piece being, in decimal 
fractions, 72, 65625 feet, the 12 pieces give 871, 876 
cubic feet, and these at 12f cents or 0, 125 dollars," bring 
the amount by multiplying 8^1, 875 X 0, 125^ or, what 
is the same thing, 871, 874- x f ==^ 108, 984375 dollars ; 
for which w6uld in actual practice be given, 

•^tltf. $108, 98j^ 

§ 76. The Diviswn of quantities, expressed in whole 
numbers and fractional parts, either vulgar or denonunate, 
when the dividend only has fractions, can be made as in 
common numbers ; afler having divided the whole number, 
tlie remainder is reduced into a fraction of the same deno- 
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moiator a| ^ fiwatioa givefOy and the fhicti<Hial pert being 
added, the diTisioa is continued, and gives fractions of the 
same denominator ; so may be continued as far as desired 
for the intended^m. For decimal fractions, the dkecttona 
giyen (section 58) may suffice. 

When both dividend and divisor are, numbers mixed 
with fractiops, it will be found the most satisfactory, 
therefore most generally the easiest, to reduce the whole 
numbers of both to the denominator of the fraction an- 
nexed to each; and writing the riesulting fractions, execute 
the division as shown in its place. 

When the divisor and dividend have both denominate 
fractions, we have Seen (section 67) that the divisor in 
that shape is unwieldy and disadvantageous, and therefore 
we have there shown two nj^thods applicable with nearly 
equal advantages, to which we therefore refer. 

In the practical application, therefore, either the. one or 
the other of these modes will be chosen, according as it 
presents the greatest advantages ; for it is evidently use- 
less to raise difficulties in a practical work of any kind, to 
have the plesisure or ^ory of solving them. The object 
here will therefore only be : to present such questions as 
are soluble by (tiviaion, either alone, or combined with the 
preceding rules ; for it must have been observed, that it is 
a genersd principle in .ari^&metic. :. that all the preceding 
rules are applied in any subsequent one; so in practiced 
questions die same liberty must be allowed, and it is pro- 
per alwdys to show, in any stage of a science, what can 
be done with what has been taught, up ta the step which 
15 making. . 13| 

Ut Esbani^le. To execute the division — - by reduc- 

ing the whole numbers to improper fraiAions, and reduc- 
'ing the result, thus : 

13 X 5 + 4 69 



S^ 5 69 X 8 652 2 

6X8 + 7 66 66 X 5 276 276 

.. ..I • ■.i ' -»»i I 111 — • 

8 8 



Thui opwptiott, step^forjrtefs » >qgei»tt<!lf d ea» fi cnrthe 

principles of fmctioas $ the reditction of tiie vrtiold BHinbers 
into firactioiui, with the addition of the mimerafora, gives 
8 fraction to he divided by another, and multiplying both 
the numerator and denominator of thia compound fraction 
by both denominators suecessively, the two whole num- 
bers result. Which ace be divided for the final result. The 
application of this principle has no other diffici»lty in more 
complicated numbers, ^ali the lei^fa of the multipttcai- 
tions ; this example may therefiMre sufficOv 

In decimal fractions this example would staiMl as fol- 
lows: 

18j8 

— - — a= 2, 00721^9 ftt. 
6,875 

- 854f . 

Sui. To execute -^— by both ihetbods* 

3(2. To execute'-**-^ by both meilukb. 

4tk» A farmer has mowed 78|- acres of meadow land, 
which yielded on an averai^e '2% tons per acre, and besides 
having wintered with the hay ^3 head of cattle, he has 
sold 62^ tons ; at what average per head has. his cattle 
consumed the hay ? Ans,2^iora. 

And how much h^ did he medte in the whole ? 

Jlna. 209f font. 

Bth. Six men undertake to make the hay on a piece 
of land for'Bd ds^lais, besides their beard, whidi they do 
in 11 days, and make 39 tons of hay^ at what rate did 
^ey make wages,- how much per ton -did tiie hay cost to 
make, reckoning the hoard at 25 cents per day for each 
man, and how much hay did each man make on an ave- 
rage per day t 

They made J| pi a ton, or hstf a ton and ^^ per^ay. 
91 M d8^ cents per day, nearly, besides board. 

The hay cost $2, 09 nearly, per toa to make. 

6th. A man undertakes^ job for $195 ; he hh'es for 
b^ 5 men, at the rate of 02^ cents per day and their 
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iotrd, ivliitli 1m calculates to cost him for eacli^S cents 
*4ailf ; he works, with these men, 80 days ; how much 
wages did he make per day, paying his board at the same 
fate as the men he hired t Ans. $1 , 875 fer day. 

And how much did his men cost him ? Ana, $131, 25. 

7ih. A sum of $1311 is to be pud in six equal instal- 
ments, with interest at 7 per cent, each time upon the 
stim unpaid, the first instalment being on the delivery oi 
the goods, the others yearly. What will each payment 
amount to ? 

TUe Uf will be $218,5 






2nd 




294, 975 


M 


» 


279, 68 


4th 


jy 


264, 385 


5th 


>i • 


249, 09 


6th 


» 


233, 795 



Dividing the whole sum by 6 gives the equal yeady pay^ 
ments of the capital, which subtracted every year from the 
last capital, gives the capital, the interest of which at 7 
per cent* is to be added each year to tbe equal payments, 
the first or present payment having DQ interest upon it. 

8th. . There are in a page of this book on an average 
2000 pieces of tjrpe ; the space filled by 4hem is 3, 1 
inches broad, and 5, 5 inches long what square space in a 
mean does each piece occupy? Jhia. 0, 008025. 

EXAMPLES FOR THIS CHAPTER. 

1. What do 5 pieces of cloth' of 26^ yards each, come 
to, at $3, a7^ per yard ? 

2. One pound sterling is equal to $4, 444 ; (with con- 
tinued decimals of 4 ;) how much is dS975j, expressed in 
dollars 1 Jins. $4335, 55 i 22. 

3. A captain of a vessel has on board 706 packages, 
eaeh measuring -| of a ton ; 89 others, each measuring ^ 
a ton ; and 405 others, each measuring -^ of a ton ; how 
many tons of lading has he ? Ans, 267,^ tons. 

4. A captain has on board I70^bales, each paying freight 
$1, 25 \ 9^ packages, each paying 87j^ cents ; 230 tons 
of other goods, each ton paying $12, 62j^ ; and 6 passen- 
g^rsi ^mck paying $79)^; how much does his whole 
M|^ Ipd pUMage m^^y anount to 7 ^ns. $8B54, 13f • 

10 
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6, A nft cMtaam 306 ptececiof tiail»6r{ of Ihew IM 
are oak, 36 feet long and 16 inches square ; 50 pieces oC 
oak, 45 feet 6 inches long, and IS inches by 14 inches on 
the sides ;' 166 pieces of pine masts, reckoned at 2 feet 6 
inches square and 60 feet long. The rest pine timber, 17 
inches square by 50 feet in length. The oiak timber sells 
at 45 cents per cubic foot ; the masts at SO cents the cu- 
bic foot, and the pine timber at 15 cents the cubic feiot« 
How much money wiU the whole rafl come to in the sale f 

6. For plasteririg a wall the mason has to receive 21 
rents per square yard [of the square of 8 feet each way, 
md containing therefore 9 square feet ;) the wall which he 

as plastered h 13^ feet high, and 22 feet long; how 
niich has he to receive for it? *Ans. $6, 93» 

And how many yards does the wall contain ? 

•Ans. 33 yards, 

7. -How many square feet front of brick wall caa be 
built with36000 bricks, the thickness of the wall being the 
length of two bricks, and the end of the briciks being 4 
inches by 2 ? Jlns. 1000 feet square. 

8. A merchant makes 16| percent, upon merchandise 
that costs him ^650 ; how much will .his profit amount to ? 
=^ 7650 X»0, 165 ^ w^h9. $ 1262, 25) (according to the 
priociples of decimal -fractions.) 

9. The tare allowed upon a certain roerohaadize is 2j 
per cent, ; how much will it amount to upon 7355 weight? 

(Expressed as above) =7 183, S75. 

10. A grocer bad according to his last inventory 
317 lb. 10 oz. of sugw; 561 lb. 4 oz, of cq^ee ; 451 lb. 
6 oz. tea ; 15 lb. 3 oz. pepper ; 3 oz. 6 dwt. mace ; 152 lb- 
rice ; 17 gallons rum. He has spld since, 2S3 lb. 6 oz. 
sugar; 341 lb. 7 oz. coffee ; 349 lb. 5 oz. teat H lb« 
8 oz. pepper ; 2 oz. 6 dwt mace ; 5 gallons and.3 giUs of 
rum ; 121 lb. 7 oz. rice ; how much has he lefk of each 
kind? 

11. A man has to travel 75 miles; he walks the first 
day 20 miles 3 furk>i]^a ; ;the second 18 miles 5 fur. 
20yds.; the third 23 miles 7 fur. 50 yds. ; how much of hi* 
journey remains every evening to be performed ? 

12. William the Conqueror acquired the throne «f Eng- 
land the 26th Xlecember, 1066, and died atfa Svptembert 



1067. His son, WiUiam the Steond, Who iipineAately 
succeeded, died the 2d August, 1100. Henry the First 
succeeded, and died the 10th December, 1135. .How 
long did each of them reign 1 

13. Three men starting at the same time 'from one 
place, arrived at another determined place, the first after 
10 h 16 m. ; the second after 12 h. 42 m. ; the third at'-. 
ter 15 h. 3 m* How mucfi did each of them arrive aller 
the other? 

14. Bought 27 lb. 6 02. 16 dwt. of drugs at the rate of 
$dy 75 the pound ; how much will be the amount? 

15. HpughlS bales of cotton, the first weighing 1016 
lb , the second 998 lb., the third 1093 lb., at 17| cents 
the pound ; what is the amount to pay ? 

16. A room is 22 feet 5 inches long and 18 feet 9 
inches broad ; how many yards of yard wide carpet will 
ii, need ? 

17. A wall is 8 feet 7 inches high, and 65 feet 9 inches 
in circumference ; how many feet of plastering will be ' 
in it? 

18. Required the solid contents of a wall 74 feet 6 
inches long, 2 feet 9 inches thick, and 24 feet 4 inches 
high t 

19. Required the solid contents of a box 5 feet 2,5 inches ' 
long, 3 feet 5 inches broad, and 2 feet 5, 8 inches deep l 

20. How many cubic feet of earth will fill a dock 205 
feet long, 75 feet broad, and 8 feet 7 inches deep ? 

21. If 87 lb. 6 oz. oT coffee cost $1:8, 38 what is the 
price of 1 pound? 

22. What is the price p^ ponnd o^^spices, when 34 lb. 
7oz. cost $25*82? 

23. What is the length of a piece of timber 15 inches 
square, the cubic contents of which is 69 feet 6 inches ? 

24. What must be the depth of a square vessel, 1 foot 
3 inches one way, and 2 feet 2,5 inches the other way, 
that shall hold 4 feet 2,5 inches cubic measure ? 

25. WhiR must be one side of an area containing 2015 
square feet, when the other side is 50 feet 7 inches ? 

26. If a horse runs 8 times round a circus in 1 h, 
tf nw 20 8., how much time will it need for each turn ? 

d7. A hinnber merchant bought 6527 cubic feet of tim- 
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ber, in 321 pieces : how much did each piece avenife in 
cubic feet ? 

28. A brick wall, 2 bricks length in thickness, is 69 feet 
long and 26 feet high ; how many bricka does it contam^ 
each brick being 8 inches long, 4 inches broad, and 2 inches 
thick, when laid 1 

29. A purchase of goods that cost $765,25, was sold 
for $973,52 ; what was the profit? 

30. A man has l$8264,9I debts, and^ his property 
amounts to $7431,80 ; how does he stand ? 

31; Three men buy land, the one 5,212 acres, at $2,25 
per acre, the other bought 281 acres for $600, and the 
third bought as much land as they both, for $892 ; what 
had the first to pay, how much land did the second buy^ 
how much land had the third, and at what price did it stand 
him? 

32. A briok^ when laid in the wall, has 7,8 inches 
length, 3,9 breadth, and 1,8 inches thickness ; liow many 
bricks will it take to build a wall two lengths of bricks 
thick, 25 feet long, and 36 feet high ? 

33. At 6 per cent, interest, what must be the capital 
that will produce an income of S500 ? 

^4< A man having $600 a year, how much may ho 
spend a day to save $200 in the year 1 

35. What is the interest at 7 per cent, of $12,450 1 

36. Upon 20 hogsheads of sugar, of 850 lbs. each, 
what is the tare, at 3 lb. for every hundred weight? 

37. Three persons purchase together $500 of Stock, af 
5 per cent, premium, which brings in 8 per cent, interest ; 
how much must each pay, and how much yearly interest 
will 3ach have for his share ? 

38. A house is to be plastered, at 21 cents per squar^ 
yard. Now there has been plastered an entry 35 feet long, 
and 1 1 feet 6 inches high on both sides, the 2 ends being 
given in, as compensation for the vacancies on the sides. 
Two rooms of the same height, in each of which, two 
.sides of 20 feet long are reckoned full, and one end of 18 

' feet also reckoned full, to compensate for the vacancies, 
the fourth side is given in. Two upper rooms of 2(1 fbet 
long, 14 feet broad, and 9 feet high, are reckoned in the 
same manner as those below, and oae room ha« 14 feet by 
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Ift feef 6 inches, which is considered as plastered all round. 
Hoi7 much will the expense of the whole plastering be 1 

39. Suppose the above entry and rooms were ta be 
WIdnscoted with simple boards, at the rate of '9 1,25 for 
every hundred square feet, what would be the expense t 

40. A quantity of goods is bought for S3, 521, and sold 
at 1 5 per cent, loss, for what was it sold ? 

41. A dock to be filled in, has 250 feet length, 95 feet 
bteadth, and the perpendicular depth being 8 feet on an 
average, how many cart loads, of eardi are needed to fiU 
it, at the rate of 7 cubic feet per cart load ; and how mucb 
will it cost at cents per load 1 

42. How much will the glazing of a house cost, that 
has 28 windows, each of 24 panes of glass, at the rate of 
13 J cents ibr each pane t 

*ifi^ Hbw mai^ bricks are there in a wall two lengths o\ 
a brick thick, 20 feet long, and 38 feet high, the bricks 
i>eing of the dmcnsions stated in the thirty-second ques- 
tion? 

44. An old tower 40 feet square on the outside, has at 
first, a waH 10 feet thick for 20 feet of elevation, then for 
36 feet the wall is S feet thick, then for 16 feet it is 5 feet 
thick, #(e outer sides being perpendicular ; how many cu- 
bic yards of stone are there in these walls, (neglecting 
doors and window openings) how much will the stones 
cost, at 22 cents the cubic yard, and how much wil^ the 
building of the wall cost, at the rate of 29 cents for every 
cubic Mkthomt What will.be the weight of stones in it, 
the cubic foot being reckoned at 178 lbs. 1 

45. A cai^nter has 6j^ cents per cubic foot for hewing 
lini^ber ; now he hewed 25 pieces of 15 inches square, (on 
each side) and 36 feet long; 16 pieces of 1 foot each 
way, and 42 feet long ; 28 pieces 18 inches by 20, and 26 
feet long; 12 pieces of IQ inches each side, and 32 
feet long ; and 15 pieces of 8 inches by 12 each side, and 
18 feet long. How much money has he earned 1 

' 46. Two rooms are to be painted all round, the height 

pf which is 12 feet 4 inches, the length of one, 32 feet, 

and its breadth 24 feet ; the other, 18 feet 6 inches'long, 

mid 16 feet 5 inches broad,, how much will be the cost, at 

T cents per square yard? 
10* 
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' 47. What will be the expense of paving a stii^et.SSS 
feet long, and 30 feet wide, at the rate of 65 cents jpe^ 
square yard ? 

48. What will be the weight of lead thjit is upon a roof 
25 feet long, and 28 feet 6 inches slant on each side, at the 
rate of 8j lbs. the square foot? 

49. What will be the imount of slating a roof of 38 
feet 6 inches long, 31 feet 4 inches slant on each side, 
at the rate of ^4,25 per square, of 10 feet side? 

50. How many days will three carpenters lake to shin- 
gle a roof 88 feet long, '28 feet slant on one side, and 32 
on the other, at the rate of two and a half square, of 10 
feet side, per day for each man, and how much will it cost 
at $1,20 per square? ^ 

61. What win be the amount of 4572 9qp,Bie feet of 
boards, at the rate of $ 10,50 per thousand feet ? -r^, 

62. A vessel imports goods to the amount of SdSsO, 
which pay duties at 21 per cent, on their value; of 
$12,600, paying 30 per cent. ; apd of $21580 pay 15 per 
cent, duly ; besides 30 casks of wine, averaging 68 gal- 
lons, each of which pays 20 cents per gallon ; what will 
the duties on the whole cargo amount to ? 

63. How many miles did that vessel travel in « yeai^ 
which made three times the voyage to Europe and back 
again, every time averaging 26 days, sailing in a mean, at 
the rate of 6 J miles an hour? 

64. If a voyage to Batavia takes 90 days, the vessel 
sailing on an average 6f miles an hour, how manyiniles 
does the vessel sail in the whole voyage ? 

55. If a baker works out 9 barrels of flour every work- 
ing day in the year, at 196 lbs. each barrel, how many 
pounds of flour does he use, and if he rhake one third 
more weight of bread out of i^, how many pounds, of brea/d 
does he make, and if he sells the bread At 4 cents the 
pound, how much does he niake in a year, when the flout 
costs $5 per Barrel ? 

56. If IS dozen bottles of wine cost $62, what is the 
price of each bottle? 

67, The nearest approximation between the earth and 
Venus, is in a mean 32,560,000 miles, the velocity of a 
camion ball being about 2000 feet in a second^ how long 
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would the cannon ball have to run, to go from planet to 
planet, if they remained stationary in such a position t 

-58. A year's rent of a house being $96, the occupant 
has laid out in' repairs $24,56, and paid the taxes amount- 
ing to $7,45, what has he yet to pay ( 

59. A man having $6^0 a year, economises SI 50 annu- 
ally ; his income being raised to $1500 a year, how much 
can he spend daily to economise double as much as be- 
tbre ? 

60. If a man earns 65 cents per working day, at what 
price can he board, so as to save $S9 for his clothing Bnd 
otiier expenses per year ? 

61. A bill of Exchange on London for 372/. 12a. ster- 
ling, is bought at 8 per cent, premium, what is to be paid 
for it in dollars, at $4,44 to the pound sterling f 

62. What will the commission at 2j per cent, amount 
to, on goods of the amount o£ $7652 ? 



PART III 



OF RATIOS AND FROPORTIONfl. 



CHAPTER I. ^ 

Elementary ConaideraiioiM 4>f Ri$tio, 

§ 77» In the yery outset we have shown, that quantity 
was all that is jcapable of increase or decrease, without 
regard to the nature or kind' of things the number of whiich 
was increased or decreased. Prom the simple step of 
considering two things together, or adding them, and then 
successively more, and the same a repeated number of 
times ; or diminishing a certain number of. things, for as 
many as a given number indicates, first once, and then as 
many times as it may admit of, both by the usevlof a de- 
termined system of numeration ; we have arrived step by 
step at the principles of the condnriation of quantity, and 
conversely again, to the decomposition of a combiwUion 
into its part^. 

This process has led us to the four rules of arithmetic, 
, that have been explained successively, two of which h<ive 
been shown to be the opposite of the two others ; each 
leading alternately to the decomposition of the compos 1* 
tion of the other, as addition and subtraction, multtpKca- 
tion and division ; the latter two 6f which have been shown 
to be the result of the continued repetition of the first two. 
By these means all the operations upon quantity in usual 
life, which depend merely on combinations, have become 
calculable, as ^hown by the application made of this 
theory in the second part. 

This retrospective view of the part of arithmetic hith- 
erto treated of, appears t>roper to be taken here, in order 
to awaken appropriate reflections in reference to the' whole 
i>i what has been done, and the meam it has (umished fot 



fiirth«r pto gi wm h - The soholar, aileotive to whaling has 
done hidiertOy eauiiot but have acquired the faculty of rea- 
soning ttpon quantity. The reflections which we shall 
•have to make in future will be as simple as before, but the 
application of "them will require that he have made himself 
acquainted with the tools, or means, whioh he has been 
shown in the first part and has now to use in the following 
parts of arithmetic, and that he have acquired some dextie- 
niy ip thejr use; he will do well therefore to cast })ack upon 
the whole a cursory view, in order the better to compre 
hend the general ideas that have directed it. 

§ 7S. The consideration which will be the foundation 
of the part of arithmetic to be now treated of, is the Relets 
lion whidh the quantities may have to each other, whether 
they be combined in any way, or not. ' 

The relation of quantities to each other, in whatever 
way it may be, is called their Ratio. As we have seen 
that the increase or decrease of quantities depends on 
^their combination, so their relation to each other, that is, 
their Ratioy must also depend on their possible combina 
lion, as it is determined by it. The Ratio is, therefore, 
also considered in relation to these combinations ; and, as 
we have had the two principal combinations, of addition 
or subtraction, and of multiplication or division, so we have 
also two kinds of ratio, corresponding to them ; namely, 
by addition or subtraction^ and this is called Arithmetical 
ratio ; and by multiplication or division, which is called 
the Geometrical ratio. We evidently here again find, the 
sedond a repetition of the first, as multiplication and divi- 
sion are the repetition of addition and Bid>trtkction ; but 
we may omit going so far back into elementary considera- 
tions, and proceed forward with the general idea, to ren- 
der it fruitful for practical use*^ 

These two kinds of ratio take their mark of notation 
from the marks applied to the -combinations or rules of 
arithmetic, on which they depend ; thus : 



'^ Tbe propriety of theie deBoininations ia not worth discuning; 
they are mere names, to which the idea above eic plained is to £• 
attached, which forms what is called their definition 



^ 
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' TM tfHiiroetioftl ralw of 7 to 8, itexpinwid bf V^-^^d 
The geometrical ratio of 7 to Z^ is KBXpres^ed bj 

7 

7 : 8; Or — 

8 

They might be equally well expressed by the signs of 
addition and multiplication, if we were itt the habit of ge- 
neralizing the Considerations on quantity to that extent ; 
and we shall see hereafter, that their theory leads to it ; 
that is to say, that when the ratio of two quantities by sub* 
traction, or division, \o which the above signs are appro- 
priated, are given, their ratio by addition, or multiplication, 
is also given ; or the one is a consequence of t)^e others 
In the habitual mode of writing, therefore, an arithmetical 
ratio expresses a Difference between two quantities, and 
a geometrical ra/to, expresses the Quotient arising from the 
division of the two quantities ; this latter is called the /n- 
deXf when referred to the geometrical ratio. 
' § 79. The simplest reflection leads to the idea : that 
two or more such* ratios may be exactly equal to each 
other, as well as two quantities in general; such an Eqwd" 
ity of ratio is called a Proportion, 

This principle between two ratios is expressed very na- 
turally by the sign of equality between -them, as for ex* 
ample : 

An arithmetical proportion will be expressed thus : > 

7 — 3 -= 12 — 8 

This says : the di^erence between 7 and 3 is equal to the 
diiSerence between^ 12 and 8. 

A geometrical proportion will be expressed thus : 
12:3 — 16:4; or V =» V 
And this says : the quotient of 12 liivided by 8, is equal 
to the quotient of 16 by 4, as it is evidently jn both ratios 
ss 4 ; and this is therefore also the Index of the two equal 
ratios. 

The^r^f term of a ratio is called the Antecedeni, the 
second the Consequent ; the first and last terms of a pro- 
portion are called the Extreme terms f the socinmI and third 
the J\Iean terms. 

A aearer investigation of the properties of these ratiof 
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V 

iHB jtlstlQr th(» 888eition made abore, fbr we sfaaO find : 
that the arithiBefical proportion, expressed as a difiference, 
gives' also an equality of sums ; and the equality of the 
quotients or h*3Rces^ in the geometrical proportion, an 
equality of products; and that in this properQr liestheic ex- 
tensive utility in all calculations. 

§ 80. It may be easily seen that, while in the preced- 
ing part of arithmetic, grounded' upon eombination only, ' 
we werelimited to things of the same kind. We obtain 
by this exteiision, or the consideration of the Relation of 
two things to each other in respect to Quantity, the meansr 
of forming conolusions by calculation from things of di& 
ferent nature mutually acting upon each other, or whose 
qaantity depend on each other; by the Condition, or sim- 
ple consideration, of the Equality of the ratio of two 
thingi of one kind, to two things of another kind^ which 
we observe in nature in all things ; for we mscy see a herd 
of cattle, as much, or as many times, larger than another 
herd of cattle, as the money owned by one man is as much, 
or as many times, larger ihan the money owned by ano- 
ther man ; a mountain as much jor as many times higher 
than, a house, as the amount of one bill of exchange is of 
as inuch, or as many times, a greater amount than ano- 
ther ; always with reference to a determined unit, for each 
kind of things, which is understood or designated, by the 
denomination. 

These considerations are daily made in common life, 
by every one, and they need only be transferred into the 
language of arithmetic, to direct us in the principles of 
calculation derived from them. 

'i^e first of these ratios and proportions, namely the 
arithmetical, are naturally more limited in their application 
to practical purposes^ as they are the result 6f a more li- 
mited scale of combfnation. The applications of the 
second, namely, the geometrical, are much more exten- 
sive, depending on a higher scale of combination ; the 
geometrical proportion is the principle of what is called in 
arithmetic the Rule of Three. 

§ 81 . I have thought proper to enter into these eremen- 
tary deductions, though their aim is thereby kept back for 
asbuvt^Biie^ beeaiwe it iB^^^mpMmi m any smdyUk 
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thereby the esi^lanation is so -much facilitated, as ulti* 
mately to lead to a shortening of the task, both of teach^ 
mg and of studying. To render these, t^ndamental ideas 
usefal, we shall in the fii^st place show the consequences 
which lie in them, from the principles of combmation upon 
which they are grounded, and the condition of equality, 
which forms the particular nature of a proportion. We 
may already, from the simple enunciation in signs^ as it 
appears nbove^ conclude : that their application to prac- 
tice consists in the evident property^ that any three of the 
four quantities so conditioned, being given, the fourth is 
necessarily determined ; the. manner in which this is ren* 
dered of practical use, will apfiear from the investigation 
of the Properties resulting from the pritkcipl^ of these, 
proportions. 



CHAPTER IL 

jBirithmetical Proportion. 

§ 82. In Jirithmeiical Proportion the principle evident- 
ly is : that the difference (or, as shown equally well, the 
sum) of two quantities be equal to the difference (or sum) 
of twp others. Therefore if ea<jh ratio is increased or de- 
creased by the same quantity^ the Principle of equality 
continues to subsist as before, because the quantities em- 
ployed, and the ratios themselves, are both equal ; as it is 
evident that the arithmetical proportion expresses only an 
equality of two quantities in the form of the difference (or 
the sum) of the two others ; thenoe we have^ for instance, 
from the preceding arithmetical proportion, 

7 — 3=12 — 8 

by adding on both sides the number 8, 

7 + 8 — 3=12 — 84:8 

* * 
and by again adding 3 on each side, 

7 + 8 — a+ 3=12 — 8 + 8Tf- 3 

JMri 18 we faav« SMii1]i«l i4diti<m aadtubtm^lieB lirti»- 



fwite ^ponilif Mk aodiilwrefore eompeiisate «aeh odier^ tiw 
?{- and — also compensate, when they are afiixed to the 
same quantities ; therefore the + 3 — 9 on one side, and 
the + S— — 8 on the other, reduce both these nombets to 
nothing, and our an&metical proportion- is changed by it 
into 

7+8 = 12 + 3 

• • ... 

an e^^ession exactly of the kind that it has been said 
(section TS) could also be used for compressing the arith« 
metical proportion ; this result, expressed in words, gives 
ihefunwtihental property of arithmetical proportions, that : 
i^ <My'Ar%thmeiical proportion^ the sum of Ine two extreme 
terms is equal to the sum of the two mean terms. " ^ 

If we had expressed the arithmetical proportion as a 
sum, as the-abo^. expression shows, we would have the 
result : that the difference of. the extremes is equal to the 
ddfferenee^ofthe means, by the Simple principle of ihe two 
anthmeticaJ operations of addition and subtraction being 
opposite, to^each other. ^' . 

Or, we Would obtain from 

7 + 8 = iSf + 3 ' 

by subtracting 3 on -each side, . "> 

7+8 — 3^12+3—3 
and by subtracting in this 8 on each lide, 

7 — 3 + 8 — 8 = 12 + 3*— 3 — 8 
where we obtain again by the compensations, as shown in 
the other case, . * 

^ 7^3 = 12 — 8 

that is, the arithmetical4>roportion inrtheform in which it 
was first stated. 

From the above result we are authorised to conclude : 
that any operation of arithmetic^ performed equally on both 
equal ratios, leaves the principle of the equality of the ra- 
tio unchanged s that is, equality will exist between them 
notwithstanding ;.ahd.by this principle are guided, and of 
course deduced with full authority,, any changes in the 
parts that may become necessary for a given aim, in prac^ 
tical calculation ;. thus it is evidently allowable to make 
the following ektingea tn ths/^oy^ arifhtmiiad |irof»or- 

<»»f .* ... ' ' ^ . 

11 
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Aa : OTiginil, 7 — 3 =^ 12 —• 8 

by adding eqoak , 7 — 3 + 6 = 12< — 84-6 

Bubtractiiig equals, 7 — 8 *f- 2 = 12 — 8 — 2 

nuMg^ju^ by equals^ 6 X 7 — S X^=: 12 X^—S X5 

7 3 12 8 
dividing by equals, = — — -^ 

4 4 4 ;jt 

Upon the same principles the places of t£e ternts mkj^ be 
interchanged, by transposing the two extremes, or the two 
means, or both, mtitually ; either of the propoxdons re^ 
suiting will give 'the sum of the mean terms equtu to that 
of the extremes, that is, preserve the fundamental pnnd- 
ple of presenting an equality of differences^ acr well as in 
the original proportion ; thus is obtained : 

7 — 12 = 3 — 8 V 
B — 3.= 12— 7 

8 — 13 = 3 — 7 
all pving 7 + 8 = 12 + 3 

^ Two or more such proportions may also be' composed 
by the additioii or subtrsiction of the terms, respectively 
term for term ; Uius the following twb arithmetical propor- 
tions will give results as follows*: 

7— ,3 = 12 — 81, • .. 

l«-;4-19— 7/^"^S*^®"'^^ 
we have £rom tiiem by addition and subtraction, 

I (7 + 16) — (3 + 4) == (12 + 19) — (8 + 7) 
\ (16 :^ 7) — {4 -- 3) = (19 — 12) — (7 — 8) 

which gives again the sum of the extreme equal to the 
sum of the mejdis, that is the fundamental principle of this 
proportion. 

§ 83. In these princif^es and ^ombinatiohs, or muta- 
tions, lie the means, by which numbers, thUs related to each 
other, are made susceptible of calculation ; their mutual 
dependance theVefi>re shows : thht, when any three of 
them'are given,,the fourth is necessarily determined, there- 
' fore cidctiiable, according to the principles here explained. 
The arithmetical process resulting from them is evident, 
fbr if from one 6f the above sums of extremes or means, 
w^sul^^act eidier of theterihs of the other sum, we shall 
have the result eqiml to tb^ other term of the latter sum, 



itr what k cidled ^t^ fourth teryn. Thus^-if n^ h«d in the 
above origiiial aritbmdtical proportoft.the first three tenm 
given, 'as 

7--3 = 12 — 8 

maJdng the sum of tiie mean terms^ » 

3 + 12 » 15 
and subtracting from it the first (or tib<^ given) extreme, 
namely, 7, we have 

and then the complete prop^^n 

7— ^«12— 8 
a^ above. 

§ 84. When, in such an arithm^ilical propcntion, the 
same number which has been the conse^iu&iU in the fir$t 
roHa, ia the emtecedenf of the second raihy the proportion 
is called a Continued arithvMticat proporHon ; as in the 
Ibllowing: . 

12 — 10 a^ 10 — 8- 
The middle term, which is repeated, is called ihe i 
meticttl Mean; it is o£ coqrse e^al tQ half the sum of 
the two extremes ; we have, for^instance, hlsre 
12 + 8 = 10+10 = 2X10 

12+8 20 ^X 10 

or =;=_?= 10 ssi 1 » 10 

2 3 2 

that is, identiocd resuiltd. ^ 

Such a proportion may evidently be continued tlvough 
a whole series of numbers, as follows : 

12— I0=a0-^8=a»6--r6=6— 4r»4— 2 = 2— '0 
Then the numbers 12 ; 10 ; 8 ; 6 ;. 4 ; ^ ; ; are said 
to be in continued arithmetical propofiion ; and the Series^ 
thus resulting, is called an. arithmetical Progreajrionf or 
an Ariihmeiical Series, , Their usO is very frequent in 
higher calculations^ and we shall treat of them hereafter ; 
we will here only state, that ihe successive numbers may 
either tncreoaie or dtcreaee. aecording to the Smne principle ; ^ 
and that, from the nature of their appUoation in practice, 
they are always written in the manner We have stated that 
ari&metical proportion mi^t be writt^i; namdly, with 
the sign of addition between the torms ; thus' 



12 + 10 + 8 + 6+4 + ^ + 

woukl be m DtertMmg arUhmeiicid pr^gressunif cf series ; 
and 

3 + 5 + 7 + 9 + 11 + 13 + 15 + 17 
an Ifhcreaaing ari^meUeal^ series, or progression; both 
are subject to the same laws, and* the ssu3)e principles, for 
the mutual deterhainafion ^ their several parts from each 
other, as we shall see in its ;proper plaee. 



CHAPTER IIi; 

Geometrical Proportion. 

§85. The principles of Gemnetric i2a/to, as we, have 
seen above, take their rise in the combinations of the se- 
second kind, explained in Part I., that 'Ui,from JSlultiplicct-' 
tion or Division* In it therefore the ratio is considei:ed 
as the indication of how many times a quantity is greater 
or smaller than another ; the quemtity indicating this ratio 
in one single number is called the Index of the Ratio; it 
is exactly the same as the Q^otient in a fraction or in a 
division* 

The investigation of the consequences .of this principle 
in a geometrical proportion gives; the general law, which 
must guide all the operations founded upon geometrical 
proportion, and lead to the discovery .of all its properties. 
For this purpose it is habitual to present Che geometric 
proportion as an EqmUty of fractions; or quotients, which 
we have found it to be; thus we have 

I2:3=il6:4^ 

12 16 

or I — . s= 1-^ ; evidently presenting 

*•' " : ^ ' ^ ' ^' 

the identity 4 ss: 4 by the execution of 

*the division, and indicating 4} as the Index or the Qi^ient 

Reducing the two fractions to a common denominator, 

lye Obtain, without a&y chungein the vakie^ (aa proved in 

fractions) . , 



12 X 4 16 X 3 



3X4 3X4 

On account of tlje whole fractions' or quotients being 
equal, from the nature of geometric proportions, and at 
the same time also the denominators of the fractions ob- 
tained, which are identical, being the products of equal 
factors, it is a necessary consequence, that the numerators 
must also be equal. ^ ' 

Therefore 12 X 4 » 16 X 3 

which is evidently identical with. 48 ss 48 

Comparing this result witii the geometrical proportion 
given, we obtain the proof of the essential property of 
geometrical proportions ; that the Product of the two ex- 
treme terfM ts equal to the Product of the two mean terms. 
A property exactly^ analogous to that obtained for the arith- 
metical proportidn, which in that case relates to the sums 
of the terms, and in this to the products. 

This at the same time confirms the general principle 
stated above : that a geometric proportion might b^ equsdly 
well expressed by a product, as by a quotient, and by ope- 
Eations tb^ converse of those made above, it would lead 
to the expressioa^of an equality by division, that is, equal 
quotients or ratios. We would in that way of represent- 
ing the proportion, by dividing both sides successively by 
3 ancT 4, obtain' from the expression 

► 12 X 4 a? 16 X 8 

12 X 4 16 X 3 



3X4 3X4 

And because the 4 in the one fraction, and the 3 in the 
other fraction, compensate, by division in the numerator 
and denominator, we have from this : 

12 16 . 



11* 



3 4 
or I2:3«sl6:4 y 



* . 



that 18, the idratieal eacpression of the tisual^ geometrical 
proportion.* 

§ 86. The principle now deduced, and proved, gives 
all the consequencest, wKich are so useful in the applica- 
tion of geometrical proportions to practical calculation ; 
namely : that in a geometrical proportion, all thost mutit^ 
tiona are admisaihle, which do not alter the principUy that 
the product of the two extreme terms is e^al to the prO" 
duct of the two inean terms* 

Therefore we can make all the changes ansdogous. to 
the arithmetical proportion ; in relation to the example he- 
fore us,~we deduce from 

12:3»16:4 

1st. By. transposing the 

. I middle > ri2:I6==3:4. 

(extreme f *®™® i 4 : 3 = 16 : 12 

2iMi. Changing antecedents into consequents 

3 : 12 =s 4 : 16 

These are all evident, from the simple principle : that 
the products of two quantities are the same, whichever of 
the two ho the multiplier, or multiplicand ; that is, Because 
3 times 4 is the same as 4 times 3, as well known ; or 
any two other numbers ; the above all equally present : 

3 X 16 »• 4 X 12 s: 48. 

3<L Multiplying by the same number cither 



'* The m^thematicaA espression oC tbo9« two modes of preeeoU 
iB^ the g^eometrioftl proportion, woald be ; by the produeli ; Ihftt 
Ike pmportion is an equality of products ; nod by the usual mode 
It is: a proportion it an tqualUy qfguoiienit; this caonoi e»rape 
the notice of any^ one reflecting; upon the principles stated at the 
very outset * thai in all the arithmetical principles of operation, 
the ^iem most bold good, or be true, both dipectly and con- 
verecly. The sign of eqaality. between the two raliee Ibrningr a 
proportion^ is therefore the- only proper sign, and the four dots used 
by many authors, are against principles, becanse they do not con- 
rej the idea of the principle, a thing so essential to actual know- 
ledge. So to write, for initnce, 1% : 3 : : 16 : 4 is wrong, or at 
least, a pleonasmus of signi^ leading intomiscppntanioiis, anhng 
contrary to prinoiples in eiact^soieiMtew 



cm&mtnitsA^ p&opoatioic. 181 

both antecedents, as 2 X 12 : 3 = 2 X 16 : 4 
^rboth consequents, as 12 : 2 X 8 = 16 : 2 X 4 
or aU theteicmsy as 2 X 12 : 2 X 3 = 2 X 16 : 2 x 4 

The results must evidently preserve the principle of equa^ 
lity of products of extremes and means; because in 
every case the same multiplier is contained in each pro- 
duct ; for, though the products present other numbers, the 
identity of their results reduces them to the same prin- 
ciple. " - 

. ^th. Dividing in the same manner as before will gp^e 
ia the 8ami& order: 

y :8 a V :4 

12 : f ^ 16 : 1 

Td winch the same reasomng apf^s as ta the multiplica- 
tion ; and it is proper to make the division in all cases, 
where the data of a prop<Nliion are compounded of num- 
bers having common measures^ in the correspcmding 
terms ; that is, either in the two terms of one or the other 
ratio, or in bo^ antecedents, or in both consec^ents. , 

We can abo compose and decompose the geometiicai 
proportion by its antecedent and con^q^ent terms, in such 
a ihanner as to obtain the proportion between their sum 
or di^rence and the antecedents or consequents, or be- 
tween tiiese sums ain) ^ifier^iees themselves, which fur- 
mshes an ad(htidiial means of- calculation for a number of 
practical cases^ 

bth. Thus we obtain firom our example the following 
results of niulatiom ; viz : 

By adding the antecedent and consequent and compar- 
ing them to the antecedents : 

W + 3: 12ia:16 +*: 16 
By comparing the same ti} ^ consequeiita : 

12 + 3:8 =s 16 + 4:4 
By conq)aring the Sfbrences of die attteoedoal* aai 
, it|6 Gonaequents ito the antecedents : 

12-^3:12 = 16—4: 16 



132 GEOMETRICAL PRdPORTIOlC 

"By comparing the same to the consequents : ^ 

12 — 3:3 = 16 — 4:4 
By comparing these sums and dif&rences tiiemselves ; 
12 + 3: 12 — 3 « 16 +4^ 16 — 4 

All these compound proportions have necessarily the 
property of giving equal products of the extreme and the 
mean torms, and all the mntations under 3<{, Aihj and ^ihy 
again admit, of course, the exchange of the4)lace8 of the 
extreme and the mean terms, which the original propor- 
tion admits^ ■ . ■ - 

Therefore, we may also, instead of adding or subtract* 
^ing antecedents to or from consequents,^and alternately to 
compare to either consequents or anteceidents, or one' to 
another, add to each other, or subtract from each other 
immediately, theiwo ^(ntecedents or the two consequents, 
and compare them exactly in the same maimer as hereto^ 
fore. As for example : 
from 12 : 3 n 16: 4 

deduce 12 + 16 : 3 + 4 == 16 : 4 = 12 : 3 

or 12+16:16 — 12 =±3 + 4:4 — 3 

Which Ivill give by products of - extremes and ineaas : 

the second { <* + ^(" " ^SZ^i^^^^^^ "^ ^""^ 
and so in the other eorres|>onding nmtations.. 

Any one Of these mutations is to be applied either ta 
disengage one of the quantities contained in a given ^o* 
portion, or whenever it can lead to an abridgement of 
the statement ; and in proportions, apparently con^pound 
they often lead to theiinal solution, without its being ne-- 
cessary to have recomrse to both the multiplication and di- 
vision of the terms themselves, only the one or the other 
of the operations xemaining at last to be performed ; that 
is, tiie one or die other tei^ is reducible by it to unity; 
the future appfication will show this by examples in givea 
case9. 
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As any of these operations eaa be repeated agauiy with 
every new proportion resulting, a proportion can be obtain- 
ed, betweep any number of repeated sums and differences 
.of antecedents and consequents, compared either one to 
the other, or to either of the antecedents and consequents 
of the original proportion ; and as the consequents can 
be changed into antecedents also to the antecedents, or to 
the consequents. 

§ 87. If we have two geometrical proportions, they 
may' be multiplied togetlier, or divided the one by the 
other, term by term, with equal correctness of conclusion ; 
for it is'the same as multiplying two equal fractions by two 
othereqyal fractions, the pro^iuets of which will again be 
equaiptherefore, according tq the principles first deuced, 
the products of the extreme and mean terms will again be 
equal. 

For ejtample, lei the two following proportions be HIiub 
composed; viz: 

13 : 6 = 12 : 4 or the fractions V = V 

and 16 : 3 = 25 : 6 " ' *' V == V 

Multiplying the proportions term by term, or equal frae* 
tions by equal fractions, we obtain : 

18 X 15 12 X 26 

18x15:6X3 = 15x26:4x5; or -.^^^ = 

6 K3 . 4x6 

where the product of extremes and means gives 

^ 18 X 15 X 4 X « = 6 X 3 X 12 X 26 

5400 ==. 6400 

and by redtieihg the fiS^ons, by means of iheiv common 
measures : 

15 = 16 

In like manner, by division, we would obtain from ttae 
foregoing 

18 6 12 4 18 X 3 12 X 6 

16 3 26 6 6 X 15 4 X 26 

giving, by products of extremes and mean^ 
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6 X 12 4 X 18 24 24 



. 3 X 25 ^ X 16 26 26 

or as fractions . | = ^ 

aU equally leading to identical results. . 

Supposing, therefore, six ter£n& in these two proportions 
given, in any manner, the two remaining terms may K.e 
determined from them. And in general : as many pro- 
portions as are given, so many unknow^g^quantities may 
be determined by them. ■ v . . 

This, is -the principle of what is called in arithmetic the 
Compound Rule^ of Three»> It may be carried, to any 
length, by fwlber eombination upon the same pnttpjes. 
IVhen it ia earned through a number of proport^a, to 
determine only one unknown quantity, it is called the chain 
rttk The applicatidn of both, ^d their extensijire utility, 
wiflbe shown in theii; proper places. 

The proportion may also be multiplied into itself term 
by term ; and thereby may J)e obtained, from the -propor- 
tions of lineal ^mensions, the proportion of the superfi- 
cial -dimensions corresponding to them, or, the squares. 
By the products of three such equal proportion'^ tetm by 
term, wiU be obtained the proportion of the solids having 
the same lineal dimensions fi>r their sides, or the cubes. 
Thus would, fbr instance, be obtained : * 

From the simple ptoportion 18 : 6 =77 12 : 4 

the square, 18 X 18 : 6 X 6 = 12 X ?2 : 4 X 4 

or 324:36 = 144:16 ♦ 

the cubes, , 

18 X 18 X 18:6X6X6 = 12^12 X^I«?»iK5^"4 



or 5832 : 216 « 1728 : 64 

§ 88. It may readily bo. conceived : that in geometrical 
proportions a continuance may take place, as well as in 
the arithmetical ; that condition may be again expressed 
by the equality t>f the two middle terms ; as followis : 

16; 8 = 8: 4; which gives S X 8 «>: 16 X 4 

as the products of extremes and mteaps. The oodddlo 
term is called ihe Geometrical meah^ 
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To (his every property appUes.that belongs to general 
proportion ; it therefore admits all the changes heretofore 
shown. The product of the two mean terms, being com- 
pounded of two equal factors^ presents what is called a 
square number i comparing it by this to the rectangular 
surface which would have «dl its sides equal, and showing 
by the equality of the proihict^ thus obtained the reduc- 
tion of a rectangular figure of two \mequal sides into a 
square of equal content. 

^ 89. Such a proportion may evidently be continued by 
successive addition or subtraction of antecedents or con- 
sequents to a series of either increasing or decreasing 
numbers, as well as an arithmetical one ; producing quan- 
tities having a common faetor between each step, which 
is called the common tndex or constant rcUio; and the pro- 
gression, or series of quantities resulting from it is called 
a geometrical progression . or series. In .the increasing 
progression the common indeitis a whole numlSer, and in 
the decreasing -one it is evidently a fraction; it corres- 
ponds Hkewise, as in the ratio itself^ to the quotient aris- 
ing from the division of two siibcessive term& 
* The following is an example of such a progression or 
series^:'* 
64 : 32 = 32 : 16 = 16 r 8 = 8 : 4 « 4 : 2 « 2 : 1 = 

This is algNf usually ^written omitting the signs of eqi^l- 
ity^ and the teqns are sepcpited l^y the sign of adcBtion {+) 
instead of the sign of duvispon'X:), because this notation is 
better adapted t# the use mode of these rseries in. higher 
calculations, where they are of gretit utility ; th^ above 
series' may then be written thus":. * , ' 

*5 = 64 + 32 -f. 16 +,8 + 4 + 2 + 1 + i + J + * 

Evbry subsequent number being here the half cf' the pre 
ceding one, the Common index of the series is = |^ ; or 
any one of the numbers multiplied by i will produce the 
number immediately succeeding it. 



* 5, being cousidered a3 d«i%ii«itiBg the value of the leries. 
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Tbeoee in a geometricfj series the tlurd term is the 
third proportional to the first two, the fourth is a fourth 
proportional, the Mih a fiflh proportional, and so ev<;ry 
subsequent term presents that proportio]^ to the iirsC xmvo 
terms which its numb^ in the geometiica( serie& indicates. 
It is proper here to drop this subject for the present in 
order to take it up in a later part of the wori(, when we 
shall ]iivest^;ate its. consequences and practical applica- 
tions. 



CHAPTER IV. , 

- Rule of Three. 

§ 90. lii th^ preceding chapter we have found : that a 
geometrical proportion is the same with the equality of two 
fractbhs, and that th^ proditcts of- %($ exiretM and me^ 
Umu are equai, ' We proceeded in the demonstration 
thus : the ntnnerator and denominator of the two equtid 
fractions were mijdtiplied' each hy the denominator ((f- the 
other; 'equal denominators being obtained by it, the con- 
clusioci wfis that the n.umerators were also eqvial. 
/ ^f, instead of multipfyingboth factors hy^iho denomina- 
tors mutually, we' multiply opfy one in numerator and de- 
nonmiat5>r, the equality w^ evidently renRu% because. the 
value of the fcaction so multiplied does n;ot change, l^us 
we obtain from the plropoftion* . * . ■- ^ 

12 : 3«9 16 :A qr, expressed as a firaction, V ^ V 

by multiplying the first fraction in numerator and denomi- 
nator, by the depoqunatorof the second, 

12 X 4 16 



* *■ 



8X4 4 

bf operating equally upon the second fimctipDi 

12 3X 16 ^ 

3 3 Xi 



BULB or THRSK. 187 

InboQiaiie^tlie two fraeliaos havng one of . Ihe facton 
in the denominator equali the same principle applies to this 
equal factor, as to the equal whole denominators before, 
according to what is known of the principles of fractions ; 
they therefore compensate each other in this equaUty, and 
we obtain 

12 X 4 

bythefiiBt: ==16 

3 

16 X 3 

and by the second : 12 = — 

4^ 

That is : we obtain one of the terms expressed by the 
three others ; and this in such a manner, that the product 
of« either •xtrenus or meana being made, and this divided 
by the one rn^an or extreme, the result gives the other 
mean or extreme. 

As we have seen ; that the mutations allowed in geo- 
metrical proportion admit any one term to be made either 
extreme or either meari, under the corresponding ihuta- 
tions of the other terms, we shall, generally, by dividing' 
any on^ of the.products by one factor of the other, obtain 
a result equal to the other factor of that product 
- Thus we would deduce from the above proportion all 
the following results ; viz : 

12 X 4 16 X 3 12 X 4 . 16 X 3 

===16; =12; =3; r = 4 

3 4 16 12 

This is the complete prtnctp/e and mode of performing 
what is called the rule of three ; from the oircumstance 
that three quantitiesy or numbers, are u»ed to deteirmine a 
fourth. 

If, therefore, any rcUio between two known^ quantities is 
said to be the same as (or equal to) the ratio between one 
other known quantity and an unknown one, the above 
principle gives the determination of thisr unknown quantity 
by the above proeesf, adapted to the given case or ques- 
tion; and any of the mutations shown in the pr^cedmg 
ehaqpter can be apptied to it, aa may be required. 
12 
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§ 91. We will now, authorised by ^e lotegohig proofir^ 
make the application of the principles of geometric pro" 
porUon to the pradieal operations of the Euh of three, 
Ae it will often be necessary to act upon the unknown 
quantity as if we knew it, in order to make such of the 
above demonstrated mutations as may be required, we 
shall here introduce the method so advantageously practis- 
ed in universal arithmetic, namely,, to denote the unknown 
quantity by a letter, and choose for that, always, one of the 
last fetters of the alpha^bet, as x, y, &c. ; and when we 
shall have this letter alone on one side of the si^n of 
equality, we have seen from what has already been said, 
that the unknown quantity is determined by the conibina- 
tionSfOr the arithmetical operations indicated of the known 
ones presented on the other side of this sign of equality-; 
that is, the number obtained by them will be the value* of 
this unknown .quantity. All this is but a^ small extensioiy 
of the use of signs to denote the operations of arith acetic, 
which has been introduced in the very beginning, and 
found' so iiseful in expressing distinctly the operations of 
arithmetic. 

" Though it fs evidently indifferent in which of^ the four 
places of the proportion the unknown quantity stands, a 
habit prevails^ of stating the proportion so that the an- 
know^a term occupies the fourth place in the proportion ; 
we shall follow it, wherever the combinations do not pre* 
sent reasons for another arrangement. 

- 1st Example. To determine the unknown quantity in 
the proportion 

16 : 7j= 19 : x 

The product of the two niean terms divided by the first 
extreme will, as proved above, give the value of Xy or the 
other extreme, which is the quantity sought ; thus 

7X 19 133 .13 

■— ^x^ » 8 + — = 8,8666 + &c. 

15 15 15 , 

V 

which, placed ia common examplea^ as has been folly 
shown in multiplication and division* stands tfaua : 
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19 
■ 7 

product ?= 133 13 

— SB S -j aes result. 

divisor 15 15 

13 

or by C4c$ntinuing the division into decimal fractions : 

133 

7 — = 8, 8666 + &c. 
15 
130 
100 
100 

ivhen the division contiaued would evidently give a con- 
tinued succession of the 6« 

Thu% therefore, the fourth term, or x, is determined ; 
and any other proportion, or rule of three, the terms of 
wtitch are ever so great or complicated, may be solved by 
the same operations, performed upon the respective num* 
bers. ' • 

2nd Exainple. Suppose that 7 men mow^ 37 acres of 
meadow in a certain time ; how many acres wiU 27 meQ 
mo*»v in the same time ? 

Here we have ^ven : the ratio betmeen the men employ' 
edt to which, by the nature of the subject, the ratio be* 
t ween the acres of meadow, mowed by each number^of 
men respectively, must be equal ; of this only the number 
or* acres mowed by the 7 men is given, and (he number oi 
a 'less that can be mowed by 27 men is the quantity sought, 
which we have agreed to^lesignate first by a letter, as ;r. 

If, therefore, we make the number of men coitespond* 
ing to the number of acres given, the first an^ec^dent term 
of the geometric proportion^ the second number of men 
will be the first consequent ornsecond term of the propor« 
tion ; the antecedent of the. second ratio, that is, that of 
the ndmber of acres mowed in each case, must be the 37 
mSreB; as oorrdsptm^og to the ,W€M:k of the number of 
ma fonmnp theaatecedeet in the first ratio ; the number 



of acres correspondiiig to the number of men, whose weifc 
it is- intended to ascertain by the operation, here oujr «,' 
muflt therefore be the consequent of the second ratio, or 
the fourth term of our proportion. This gires therefore 
the statement^. 

Jtfen. Meiu Aneit, Acres. 
7 : =27 = 37 : X 

-• ' ♦ 

And by the operation shown above* and deduced 'l>efore, 
we obtain : 

Acrt$. Acres, 

27X37 5 

X « = 142 + — = 142,714 &c. 

7 ' 7 

where the decimal fractions are evidently carried far 
enough for any practical purpose in the case. 

I have been thus Ioq^ and detailed in this first example 
of the application of geometric proportion to the rule <^ 
three, to show the details, of the reasoning which must 
guide in the statement of a practical quei^pn ; that I^may 
be allowed in -future to suppose them known j and that I 
may have to* explain only the peculiarities which may occur 
in other cases, in the same manner as I here suppose the 
arithmetical operations of raultipUcation and division as 
'^uficiently (plained in the first example. 

The scholar will now observe : that in performing the 
arithmetical operations, the things or objects, which the 
numbers represent, do not enter into the consideration^ f 

and that the numbers alone are treated, as indicative of 
the relation of these things in regard to quantity, accord 
ing to our tii'st definition of quantity ; for, what would a 
product of men into acres- lof land represent in nature % 
Butthe :division made again^bya number representing 
men, might even be considered as compensating, in a man 
ner simitar to that of the equal factors in the iiumerator 
and denominator of a fraction, which compensate each 
other; and there thien remains, we might say, the denoi^ 
mination of acres in the numerator, to give the deBon»< 
nation to the residt 

This is excu^tly analogolur to what has-l^een iaidat the 
begiamng of this pairt <»f anthm^tic ; that the rttMo otAf 
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of ihe two- (hkigs of the same kind istakenvas the priti* 
ciple that determines the ratio of two other things, which 
may be of a nature completely different from the first two. 
We shall in general find, in all results ^f calculations re-' 
lating to objects of dififerent kinds : that the denominntion 
of the result is that of the kind of quantity, or things, 
which appear in it an odd number of times, and that 
those which appear in an eve(i number of times act as 
m^« numbers, giving no denomination to the quantity of 
ihe result. This remark, which is here very siihple, be- 
comes of great importance in higher calculations, and is 
in all cases an indispensable property of an accurate re- 
sult. 

3d Example, My neighbour bought ^7?, 45 acres of 
land for $7iO,5, but I can dispose of only $215,5 for that 
purpose ; how much land can I purchase at the same rate ? 

The rati6 of the money is here given, and the ratio of 
the land purchased by it must of couVse be the same ; we 
havo therefrom the statement : 

$720,5 :'$216,5 = 372,45 acres : ar acred. 

This proportion can be reduced to simpler numbers, by 
dividing, corresponding terms by .5, which is a common 
factor ; it is therefore proper to do it ; thus it becomes : 

' 144,1 : 43,1 = 372,45 : ar 

43,1 X 372,45 

which gives x = '"' — = t= 11 1,399 acres. 

144,1 

r 

Here it was evidently most proper to proceed altogether 
by decimal fractions, in. which aJso the answer fits best. 

4tk Example, If 67 lb. 7 oz. of spices be bought for 
$17,^, what must I pay for 87 lb. 10 oz. 7 dwt t 

Here the ratio of the spices is given, and the quantities 
e'omatn denominate fractions ; we would have to divide 
the second by the first, which is, as shown above, a very^ 
mconvenient operatiop ; we may therefore either reduce, 
the weights to the lowest denomination of the denominate 
Iractiofis,^ which is the pennyweight, and then proceed as 
in whole numbftrs, or reduce these denominate fractions 
to decimal fractions of the pounds. We have seen above 
12* 
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tiuit ^ &tt^ die most convmoot, when we do bot fore- 
see that ^ doBoiittiiiate Iractions will give sh^ uid. de« 
teiminttte decimals ; we shall therefore {proceed by this 
reduction ; thus we <^tain for the two fiist numbers, ^ 

67 and 87 

12 12 " 



114 
5Y7 

691 oz. 
20 


174 
' 87 
10 

1054 oz. 
20 


13820 dwt« 


21080 
7 



21087 dwt. 

by multiplying first the pounds by 12, to reduce them to 
ounces, and adding the ounces given, then multiplying by 
20 to reduce to pennyweights, and adding the pennyweights 
ghren ; thus we obtain the statement : . ' 

13820 : 210S7 = 17,25 :x^ 

* 
Dividing the smfecedents by 5, to reduce : 

2764 : 21087 = 3,45 :x 

3,45 X 21087 

which gives : > *a — —■ = $20^32 

2764 

In. the decimal fractions resulting we stop at the 32 
cents, no mills coming after; further accuracy would be 
useiess. 

5th Example. A sum. of money being shared between 
John and James in the proportion of 9 to 4, it results that 
John has $15 more than James ; what were the shares of 
each^ and what was the whole sum sliared? 

The proportion sttited f^om the above data stands thus : 

'JohnU, Jwme^s. ~ 
9 : 4 =» « + 15 ; » 



/ 
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19«btnictbg the consequents from the atiteeed^ts, and 
comparing with the consequents we obtain ; 

9 — 4:4=37+15 — XIX 

or 5 : 4 s 15 : a; 

^Dividing by 5, <1 : 4 =: 3 : or 

which giveis x = 3 X4 = 12 = James's share 

and a? 4- 15 = 27 = John*s share 

and the whole sum , ==: 39 has beeniihared. 

Bth Example. Two merchants make a joint stock : 
they contribute in the proportion of 14 to 6 ; the difference 
between the full shares is $504 ; what was each indivi- 
dual's share and the whole stock? 



( Stock 1064 



which is obtained by eicactly the same process ^s above. 

7th Example, Three merchants make a joint stock ; 
the first puts in a certain unknown part of the capital, the 
second 2000 dollars more, and the third 3000 dollar? less, 
than the first ; the ratio of the shares of the second and 
third is as 9 to 5 ; what are all the individual shares, and 
the stock itself? 

If we call the share of the first, which regulates the 
whole question, x, we shall have the statement thus r 

9 : 6 = a? + 2000 : a: — 3000 

r 

Comparing the difference between the antecedents and 
coiisequents with the consequents, we obtain : 

9 5 : 5 a> a: + ,2000 — x+ 3000 : w — 3000 

or 4: 5 = 6000: a? — 3000 

Dividing the antecedents by 4 ; 1 : 5 s: 1250 r a; — 3009 

whence 6 x 1250 = a? — 3000 

6250 = X ~ 3000 

That is, the share of the thnrd is » $6260 

The share of the first is therefove = 9960 

» « aeeond ** « 11260 

And dM wboie stock » 2<(T60 
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8DI Mkmtiffh. A lutnkrupt lef»r«9 clear , |»^rty 
984421^3$ ; his creditora are ns foUows-; viz : 

Jones for $ 56-29 

WiUiams 14207 

Ruftis 692 

King 2976S 

Eldridge 120352 

What dividend in the hundred, or proportional part, can 
be paid, (under the supposition of equal concourse,) and 
what will each creditor get-fbr his share ? 

. Here the ratio of the sum of the debts to the clear pro- 
Pfiriy will be the constant ratio, which will give the rule 
for the division ; each claim forms the second antecedenty 
or what is the same thing, the first term of the second ra* 
tio. Or, the fraction arising from the division of the pro- 
perty by the sum of the debts, which may be most easily 
expressed in decimals, will be a Constant multiplier for each 
of the individual debts and the shares will be the product 
of this fraction by the amount of the claim. Thus 

8442 J, 2e 42^10,63 

= 0,495 



i*-ipi 



- , 170548 -86274 

will be ft constant muhiprier fi>r ^ch of the claims, which 

will give the shares as follows : 

Of Jones, $2786,355 

WUliams^ 7032,465 

Rufus, 293,04 

tone, 14735,16 

Eldndge, 69574,24 

ex'Amfle^ for practice* 

1. If 5Si gallona of wine o^^t $26,50, what will 620 
gallons conie to 1 

2. If 562 yards ^ of linen cost $495, how many yards 
can be bought for $1051 ? 

3. If upon 52 acres of land 962 bushels of wheat have 
been harvested, how many busjiels^ would 225 acres yi6ti 
at the same rate 1 v 

4. What will be the amount to pay jbr 652 lb. 6 oz. of 
coffee, if for every 57 lb, 6 02, 1 mHA pay ftlftilS. 
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. $. A ;masi havuig bought 359 yards, of do& for 9621, 
"what must he sell them at to make 15 per cent, upon^e 
side I . 

6. A merchant bou^t 795 yards of cloth for $107,50, 
he has still $427,50 which he wishes to lay out in the 
same cloth, at the former j>rice ; how many yards may he 
yet purchase ? 

7. If the matting for the floor of a room 24 feet by 18 
cost $95,60 what will the same mattii% come to for a room 
22 feet in length by 38 in breadth ? 

8. The forage required by a body of cavalry, for a 
month of 31 days, is 2821 cwt. of hay, how much will be 
needed for the same body for 87 days 1 

^9« How many pounds of tea can a man buy for $672, 
if he buy 751 lbs. for $327,50 ? 

10. If 21 men could perform a work in 17 days, and 
16 Qien be added, to them after the second day, how much 
time will be saved by it ^ 

11. The annual wages of a man being $100, to be paid 
in land at $6 per acre, how many acres will he receive af- 
ter 3 years and 7 months 1 ^ 

12. Two men, A and B bought together 200 acres of 
land^ pach paying $200 ; they divide, and A making choice 
of the' better laild, they agree to value his land at $2,25 
&e acre, and that of B at $1,75^ how many acres will 
each of them geti . ^ c 

13. If the interest of money' is 7 per cent what will 
be the discount? 

14. How much must a man pay down to receive in 6| 
years $658, the ihlerest bMbg 7 per cent, calculating upon 
simple interest? 

15. On the importation of certain goods, a merchanf 
gatfis.20' per cent, when the duty is 16^ per cent. ; what 
per cent, will he gain upon the same, when the duty is 
raised to 18 per cent* ? 

16. A man had rented a farm of 150s acres for $235 ; 
jMW he is offered another of 225 acres for $380 ; how 
mrach would he gain or lese* by accepting the offer, all 
other circumstances ooottidered equal ? 

17. If a man has offered to him 135 yards of linen ifbr 

9115, and another offers him 212 yards of the same 4<ia^ i 
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ity fE»r 9200, hoir mnch is the one offer more ftdvantageoiiii 
than the other, and whieh is the mofe advantageousl . 

18. If a man trsrels 19 miles in 9 hours eaaid 6 miniiles, 
how far will he walk between sun-rise and sun-set, when 
the sun rises at 6 o^dock 26- minutes, and sets hi & o^^lock 
35 minutes in ^e evening,, stoppages being included in 
both cases 1 

19. The freij^t of 13 tons o£ goods to a cdttain place 
cost 929f , what freight will have to be paid a.t the same 
rate for 59 j- tons? 

20. A man obliged to Hve on his income of $3750 a 
year was under a rent of $325 a year* By the depreciation 
of the funds, his ini^ome is recced to 92960, and be is 
now asked fertile same -house the rent of $255 ; clan he 
l^ord to pay it^ if he will put only the same proportion 
upon his rent as before ? 

21* A merchant gaining $7500 in 6 jrears with a eapi- 
tal of $18000, what would he gain at the same rate in 14 
years 1 

§ 92. In many cases in nature, and the comm<^ inter- 
course of hfe, tile, things whose ratio is compared, aug' 
ment, the one in tiie same jratio as the other diminishes, 
and inversely; as for instance, the more men are fibout a 
work, .the less time it will require Ito ■ do it ; the quicker a 
man walks, in propcNtion to anottfer man, the less time ho 
will require to go mrough a certain space ;^ and eo in many 
other cases in natiure. That is to say:, the raff o< (of 
these things) and that of the results Biemversed in rela- 
tion to each otiier. Therefoilt in all such cases, the 
ratio qf the two given terms of the same kind is also to 
be inverted in the statement of the proportion, and then 
tlie operation of the rule of three is to be executed With 
this inverted ra^o, ia4he saine manner as above with the 
direct one ; this operation is evidentiy grounded on the 
nature of the things, or the question ; as in the following 
examples. . . ^ 

lat Extumpl^ I have a meadow, which 6 meniisiMdfy 
mowed in 17 days; bi^ the season bmog {Hwcarioos^ i 
wish to. have it mowed in 3 days f how many ifieft niust 1 . 
employ? . i 
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Evidcmlif the .shorter the time, the oiote men I niiMt 
employ, so the ralia of the meo is the inverse of tfaant of 
the time ; and as this latter ratio is given, I must wiite it 
inversely ; thus the stieitemeiit becomes : 

Dojft^ ' Men* 
3 : 17 = 6 : » 

or • 1 : 17 =; 2 : « 

giving a? = 2 X 17 = 34 meh ; 

and so many men must be employed to do in 3 days the 
work of 6 men in 17 days. 

2d Earofrtp/e. Two men, starting at the same time, ride 
a certain distance ; John travels at the rate of 6^ miles an 
hour, and Peter 7} an hour ; Peter arrives after 20 hours 
20 minutes ; when will John arrive ? 

The ratio of the time of arrival is evidently the inverse 
of that of the speed, or number of miles made per hour ; 
therefore the statement must also be inverted ; thus : 

6^:7} = 20. 20;a: ^ 

Fractions occurring here, they must be reduced i but 20 
minutes being a third of an hour, and the fraction ^ oc*- 
curring in the first term, we may take advantage of it to 
shorten this operation thus : reducing the whole numbers 
to fractions upon this consideration, we obtain : 

Multiplying by 3 19 : y =61 :x 

The fraction of the second term may be lefit unreducedr 
and the result written thus : ^ 

31 X 61 1891 
X = • = — = 24,88157 hours. 

. 4 X 19 76 

As 60 mmutes make one hour, evety tenth of an hour is 
6 minutes ; the d^imals of hours are therefore reduced 
to minutes by multiplying by 6^ and remaking that the 
result of the tenths gives the units of the minutes, or the 
denoniinate fraction 6f 60 parts, orV^, the above becomes 
t(i0reby24 h. 52,8942 m. The same subdivision is con- 
tinued to the seconds, the same reduction will reduce the- 
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decimals of minutes into seconds a&d ^teidtitils of se- 
conds ; thus : 24 h. 52 m. 53,652 s. = time of aniTal of 
John. . 

34 Example, In a beisieged place the garrison consists 
of 2006 men ; in a retreat, 600 throw themselves into it, 
to escape the enemy ; the provisions of the place were 
sufficient for the former garrison for 250 days ; how long 
will they last tlie increased number of men, at the same 
rate of daily allowance ? 

Of course the greater the number of men, the less 
time the provisions will last, and that in the inverse ratio 
of the original to the augmented garrison ^ thus we have 
the statement : 

Meiu Men. Dayt, 

2000 + 600 : 2000 = 260 : a: 

or 2600 : 2000 = 250 : jr 

Dividing the first ratio by 2000 ; 1,3 :1s 250 : x 

250 
This gives x a? .— = 192,3 days, 

1|3 
that is ; the provisions will leave a small remainder after 
192 days, as we obtam only three tenths^ of a day over. 

4Ah tlxample. A father, leaving a property of $76743, 
makes the regulation in his will : thai it shall be divided 
between his two sons in the inyerse ratio of their ages ; 
the one is 12^ years old, the other 16 and 4 months ; what 
will be the share of each ? ' ' ~ 

In this, question the inversion consists only in the con- 
dition of the disposition itself, nainely :- that the age of 
the one, shall determine the share of the other mutually ; 
and the sum of the ages forms the antecedent term of the 
(comparison or) ratio, given for the proportional share of 
each in the whole amount ; we have therefore, expressing 
the months as tweltth parts of the year, the following 
statement : 

12.+A+16+,^5 ; l?+fj = 876743 : sh. of the older; 

124.j^+16+^^ : 16+tV = *76743 : " younger; 
or, by successive reductions of each, which will be easily 
followed: 
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12 + I + 16 + f-: 12 + # = $76743 : x 
and li2 + } + 16 + f : 16 + f = 76743:^ 
oV ^ 28 + f : 12 + f = 

and 28 + f : 16 + I =^ 






or »J3 . Y = 






lastly 173 : 75 = » " 

and * 173:98= " » 

. . . ^. u » •'S X 76743 

98 X 76743 

»» younger = -r— ^ — :^ = $43472,9133 

173 

which produce again the full property. 

. EXAMPLES FOR PRACTICE. 

1. If 23 heads of cattle can pasture in a field for 57 
days* how long c^ 17 l\eads of cattle pasture in it ? 

2. If a canal could be finished by 350 men in 321 days 
how many days will it take if only '298 can be got to do 
the work? 

3. How many days longer will 58 gallons of beer last 
a family that usually consumes 3 quarts a day, if they re- 
duce their allowance fo, 5 quarts for two days? 

4. It takes, to clothe a regiment of 750 men, 5920 
3rards of yard wide cloth, how many yards of cloth of If 
yards wide, will it require to clothe the same 1 



CHAPTER V ' 

Compound Rule of Three, 

§ 93. From the principle explained in section 87, we 
derive, as is there stated, the Compound Rule of Three ; 
where several proportions being given, which all concur 
13 



150 COMPOUND RULE OF THRfiC. 

in the detennination of an unknown quantity, the product 
of the difierent proportions term for term being made, the 
same principle, of the equality of the products of the ex- 
treme and mean terms, takes place, as in simple propor- 
tion, and the same arithmetical process gives the means of 
determining the unknown quantity. It is necessary, of 
course, to pay proper attention to the nature of the ratios 
given y in respect to whether they are direct or inverse, 
and to make the statement of each accordingly. 

As the operation in itself has- already been explained in 
section'87, and as we shall immediately exp}ain a simple 
and general principle, by which all such compound in- 
fluences and effects as produce a compound proportion, 
or, what is called the compound rule of three, can be cal- 
culated with the greatest ease, whatever may be their com- 
pUcation ; we will here only apply.it to such examples as 
have for their first ratio units of different denominations, 
and form thereby what in mercantile calculations is called 
the Chain Rule, This comprehends the finding of the 
equivalent of exchange, weight, or measure, of two places, 
by means of the given ratios of intermediate places, when 
the direct ratio is not known. This operation will exem- 
pUfy still more strikingly the remark made above, in rela- 
tion to the compensations of the denominations in the mul- 
tiplications and divisions, resulting from the operations of 
the rule of three. 

1st Example, If 60 lbs. weight at Paris, make 50 lbs. at 
Amsterdam, and 45 lbs. at Amsterdam, 50 lbs. in New- York; 
how many pounds of New- York make 720 lbs. of Paris ? 

Multiplying these proportions, term for term, we obtain 
the compound proportion by the products, as below : 

P. jl, 

1 : 1 = 60 : 60 

1 : 1 =r 45 : 50 

JV.yl P. 

l': 1 = x:720 

_ r ■ ' 

p. Ji, I^Y» Jl J^Y, P ' 

1 X 1 X i : 1 "x i X 1 = 60 X 45 X a: : 50 X 60 X720 
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60 X 60 X 720 



1:1=0?: 



60 X 46 

2000 
1 : 1 = a? : — 
3 

» 

or ar = 666,666 

by equality of products of extremes and means. 
, . The products of the unities of the first ratios, give the 
ratio of unity to the product of the second ratios ; the de- 
nomiimtions in ihe first ratios are all compensated, as ob- 
served before, and we obtain, by dividing in the second 
compound ratio by the numbers multiplying the Xy the re- 
fiult of this equality, which is then only reduced as a frac- 
tion. 

2nd Example, A merchant of Petersburg has to pay in 
Berlin 1000 ducats, which he wishes to pay in rubles by 
4he way of Holland; and he has for the data of his ope- 
ration^ the following proportional values of moneys, viz; 
that 1 ruble gives 47,5 stivers ; 20 stivers make 1 florin ; 
2y5 florins make 1 rix dollar Hollandish ; 100 rix dollars, 
HcUandish fetch 142 rix dollars Prussian ; and finally, 1 
ducat in Berlin is B rix dollars Prussian ; how many rubles 
must he pay t This gives the following statement : 



1 

20 

2,5 

100 

3 

1000 



1 ruble : I st = 47,5 

l8t : Ifl. =1 

1^. : lr.d.H. = 1 

1 r,d. H. : 1 r,d. Pr.=: 142 

lr.d5.Pr.: 1 due. = 1 

1 due, : 1 ruble = x 

By the same process as in the former example, is ob- 
tained : 

1000 X 3 X 100 X 2,5 X 20 

x=: = 2223,87 rw6?e». 

47,5 X 142 

§ 94. In the activity which nature presents to us, as well 
as in all our actions, we observe this principle : that the pro* 
duct of any cause into the time of its ctetion is equal to ths 
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effect of it. Or, the product of any means whatsoenry 
into the time of their action, or the power whidi acts vqKMi 
them, or the conventional law of their action, produces a 
determined effect; thajt i3, it is equal to it. Thus we 
have seen, that a capital loaned on interest, renders as the 
product of the rate of interest into the time ; that a man's 
labour, is the result of the product of his strength (or 
power) into the time he exercises this strength (or power.) 
In all this therefore, we see nothing but the simj^e multi- 
plication of certain factors, and their product ; as bm been 
quoted in the remarks to section 73. In the same manner 
as products in arithmetic may be the restdt of a continued 
multiplication, so may an effect in nature foe the combined 
product of a number of causes, means, powers, or times; 
and the effect itself may be represented by a combined 
product ; as occurs, for instance, in higher mechanics, 
where these quantities often appear as multiplied by them- 
selves, or in the square, cube, &c. 

§ 95. If we now consider the relation of two such 
effects ; that is to say, their ratio to each, other, we find* 
as we have done in simple numbers, that : the same ratio 
must take flace hetibeen the Products of cause into time^ 
(as it will be simplest to call that by a general name,) as 
that existing bettoeea the effects. 

We have now for some time made use of letters to de- 
note quantities, before we knew the numbers which would 
correspond to them ; we shall here extend the advantage 
derived from it, in order to present this idea at one glance 
in its full connexions, and with the arithmetical operatiobs 
connected with it. For that purpose we shall designate 
the objects of calculation, or the quantities of them, by 
their initial letters, and call 
the cause =z C\ 
. the time = T > for one of the objects ; 

. the effect = JE J 

and for the other, which is compared to it in the comppund 
proportion, we shall call the same objects by ' the corrofih 
ponding small letters, as : , 

the cause = c 
. the time = t ..^ . j 

the effect = • -' '' 



:...-i 
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We iiien obtain, by the principles 3tated already ia the 
remark to section 73 : 

CxT=E;axidcXt = e 

and for the proportion arising from this, in a manner ex- 
actly similar to what has been done in common numbers, 
we obtain the statement : ' 

C X Tie X t = E:€ 

which corresponds, as simple products expressed by their 
&ctors^ and their results, to a statement similar to 

C. T. c. t. E, c. 
3X4:7X9= 12; 63 

It evidently follows from this, by the division of the 
corresponding terms of the proportion, that we have also : 

E e E e 

0:^ = — :- and Tit — ^i-r 

T, t C c 

This says in words : the Ratio of ike Causes is the same 
418 ^at of the Effects divided by the Times ; and : the Ra- 
tio ef the Times is the same as that of the Effects divided 
by the Causes* 

The numbers of the example will thence give 

12 63 ■ 12 63 

3:7 = — :- — and 4:9 = — : — * 
4 9 3 7 

§ 96. As we have seen in the preceding application of 
geometric proportion to the rule of three, that whatever 



• The teacher who will lake the trouble to apeak with his scho- 
lar »pon this principle, or the attentive reader, who will compare 
it with the circumstances that surround him, will have no difficulty 
in explaining this idea; its correctness and generality will prove 
a great facility to the intelligent arithmetician. My own expe- 
rience has proved to me that it meets po difficulty with boys of 
about. 12 or 14 years, as scholars usually arc, wl^en in common 
schools they are thus far advanced in aritlimetic, and thai they 
made the statemenU appropriated to it very readily, and with pe- 
culiar satisfaction. It furnishes the best exercise of the mind for 
'the appropriate application of common arithmetic. The^exam- 
plM which follow are worked out, and will, I hope, lead the way 
to its tStoptv and easy application. 
13* 
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tenn of the proportion be udmown, if tbe Uuree others 

are given^ this fourth is determined by the prmcipies of the 
proportion ; so in the present case, whatever may be the 
quantity unknown in .siich a compound rule of three, 
whether a cause, a time, or an effect, or a part of the one 
or the other of them, this quantity will be determined by 
the others, and obtained by the appropriate mutations of 
^ the proportion, or the operations of arithmetic resulting 
from it. 

By this consideration and process all the complication, 
often resulting from combinations of direct and inverse 
proportions, in a compound rule of three, which are apt to 
lead young calculators into mistakes, are avoided, because 
every quantity, in any way concerned, is by its nature 
'placed as factor in its .proper place, by the simple reflec- 
tion of its acting as either cause, time, or effect. 

It may be easily seen that it will solve with ease ques- 
tions upon combined actions of capitals during different 
times, as well in interest, as in shares of profit Or loss, 
that is, in partnership, in complicated questions upon com- 
bined vvorkS) and all similar cases, as the following ex-* 
amples will show. 

1 st Example. A capital of 96200 produces in 5 years, 
at 7 per cent. -^170, amount of interest ; what will a 
capital of $9300, at 4 per cent, produce in 9 years T 

Here the statement is extremely simple, thus,: 

C XT e X < =» U : • 

6200 X 0,07 X 5 : 9300 X 0,04 X 9 — 2170 : x 

This proportion may evidently be much reduced ; first, 
by dividing by 100, it becomes, 

62 X 0,07 X 6 : 93 X 0,04 X 9 = 2170 : x 

Dividing the first ratio by 2, 

31 X 0,07 X 6 : 93 X0,02 X 9 = 2170 : x 

Dividing the antecedents by 70, - 

31 X 0,001 X 6 : 93 X 0,02 X 9 :s: 31 : ;v 
Dividing the antecedents by 31, 

0,001 X 5 ; 93 X 0,02 X 9 » I : ». * 
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The seeoiid aiit0eedeiitl>eing reduced to unitj, this gives 
93 X 0,02 X 9 16,74 

5 X 0,001 0,005 

That is, the capital of $9300, at 4 per cent, produces, in 
9 years, $3348 interest? 

2nd I^ampU. A capital of $9500, at 6 per cent, in- 
terest, a^nualiy, produced $4560 in 8 years, at what rate 
of interest must a capital of $12000 be lent out, which 
shall render $4800 in 5 years ? 
"C c 



I * ■ ■> 



, C Y Tic i t=^ E : e 

9600 X 0,06 X 8 : 12000 x a? X 6 = 4560 : 4800 

Reducing as above, by dividing the first ratio by 5Q0, and 
the second by 40, 

19 X 0,06 X 8 : 24 X 5 X a? = 114 : 120 
Dividing the two antecedents by 6, 

19 X 0,01 X 8 : 24 X 6 X x = 19 : 12Q 

Dividing the two antecedents by 19, and the consequents 
by 24, 

0,01 X8:arX5«l:6 

Dividing the two consequents by 5, and executing the 
midtiplication indicated in the first term, we obtain : 

0,08 : a? = 1:1 

Or, the rate per cent. ±=: a? = 0,08 or 8 per cent. 

Thus the simple reductions of the proportion given, has 
furnished the result It is evident that if we had at the 
first outset of this and the preceding example, expreissed 
the term in which x is, by the other three, we woidd have 
reached the same results by the compensations in the nu- 
merator and denominator, and the factors of x with the 
opposite numerator, but the principles appear clearer under 
the form used« , 

Sd Example* Two men in partnerships contribute as 
follows : A puts \a $7521 which he withdraws afler five 
years and a half. B puts in $9772, 'which act in the com- 
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pany diuing 6 years, before which time the- accounts can- 
not be settled. It is required to determine the share of 
each in the general result of all tho operations, (which are 
taken together,) amounting to a net profit of $16472 ? 

The sum of the products of the stocks into the times 
of their acting, are here to be compared to each single 
product of stock into the time of its acting, as cause and 
time ; the whole benefit evidently represents the effect, 
corresponding to the whole stock, and its time of action. 

Thus we obtain the two following statements : 

7621X6,6+9772X6 : 7521x5,5 = 15472 : share of A 

7621X5,5+9772X6 : 9772X6 = 15472 : share of B 

Or 99997,6 : 41365,5 = 15472 : share of A 

And 99997,5 : 68632,0 = 15472 : share of B 

Here we evidently obtain, as in the case of a bankrupt, 

treated, in a former example, a constant fraction from the 

third term divided by the first, with which the second, or 

the product of the stock into the time of each paftner is 

^to be multiplied, to obtain his share in the profit; or we 

*have : ' 

15472 

The share of A = ,X 41365,6 = 6400,2 

99997,6 

15472 

The share of B =^ X 58632 = 9071,8 

99997j6 

The fractional part being reduced to decimals gives 
0,1547238, which being multiplied into the whole number 
58632, gives the result indicated. 

4th Examjple, If 180 men, working 6 days, each day 
10 hours, can dig a trench of 200 yards long, by 3 yards 
wide, and 2 yards deep, how many days will 100 men 
take to dig a trench of 360 yards long, 4 wide, and 3 
deep, by working 8 hours in a day ? 

This gives the following statement, in which the effect 
is a compound 4>roduct, because the trench has the three 
dimensions of length, breadth, and depth. The reduc- 
tions which it adinits, will here be made without mention- 
ing them, under the supposition that the preceding examploa 
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have shown the priktcij^ of them ; y being taken for the 
tmktfown days. 

180x 10X6 : lOOXSXy = 200X3X2 : 860X4X8 
18 X 6 ; 8 X y = 10 : 36 
9 X 8 : 2 X y = 1 : 8,6 
27 :y =1:1,8 

y = 27 X 1,8 « 48,6 days. 

5^^ Example, A hare is 60 leaps before a greyhound, 
and he takes 4 leaps while the greyhound takes 3 ; but 2 
greyhound's leaps are equal to 8 hare's leaps ; how many 
leaps must the greyhound make to overtake the hare T 

This, as it appears a standing question in all books on 
arithmetic, is well adapted for an example in this case 

The proportion of the leaps as given, are : 

In time ; hare's leap : hound's leap '=4:3 
In length; " : '" =2:3 

The compound ratio of them, or the product of cause into 
time, which determines the effect, is therefore : 

hare : hound = 8:9 

If we call the distance the hound has* to run = », in 
hare's leaps, (as the determined distance is given in this 
kind of quantity,) the hare's run will hex — 60 in the time 
they both run; tKese two circumstances of the data give the 
following statement : 

x:x — 50 ■» 9 : 8 

By comparing the antecedent with the difierence between 
antecedent and consequent, we Obtain : 

a? : 60 « 9 : 1 

:r = 9 X 50 = 450 hare's leaps 

As the hare's leaps are | of the hound's this distance will 
require 300 hound's leaps ; so many therefore, he will 
have to make to overtake the hare. 

6tk Example. If 9 men, working 6 days, at the rate^c^ 8 
hours per day, can build a wdl of 152 feet long, and 9,5 
feet high^ how many days must 16 men work, at the rate 
of 10 hours each day 10 build a waO 295 feet long, «ad 
17,5 feet high ? 
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examples ^or practice. 
1. If 352 meuy having worked S hours every day, have 
made a oertain length of canal in 87 working days, and 
there remains now ^ of the same length to be done to com- 
plete the work, which it is intended they should do in 8 
wor)ung days ; how many hours more per day must they 
work to complete the task at the same rate of working ? 
• 2. If 6 men pave 65 yards of a street in 6 days, how 
many men will it take to pave 212 yards in 12 days ? 

3. A man performing a journey in 21 days by walking 
7 hours at the rate of 5 miles an hour, how many days 
^ill it take him to perform the same jouhiey by walking 
10 hours at the rate of 3 J miles an hour ? 

4. Of Brandy sold at $1,25 per gallon, there is bought 
for4he amount of $87, and of brandy worth $1,35, for 
the amount of $96 ; a mixture of one tliird of the first 
quantity and two thirds of the second quantity being made, 
what will be the proportional price of it if it is required 
to clear 10 per cent, upon the sale? 

6. If 248 men, in 5 dayfe, working 11 hours a djay, dig a 
trench 280 yards long, 3 wide and 2 deep ; in how many 
days of 9 hours each, will 32 men dig a trench 430 yards 
long, 6 \yide, and 3 deep. 

6. If 6 men, in 10 days, mow 42 acres of meadow, 
how much will 13 men mow in IS days t 

7. If 23 boards, of 12 j^ feet long and 14 inches broad, ■ 
make a certain flooring, how many boards .will it tdkie of 
15 feet long and 10 inches broad ? 

S» A mprchant gaining. $6750 iji 4 y^ars, with ,a capital 
of $15000, what would lie gain at the. same rate in 7 years 
with a capital of $32000 ? 

9. If 172 boards, 17 feet 6 inches long and 14 inches 
foroad, are needed to Boor a place, how many would it take 
12 feet 6 inches^long and 10 inches broad? ; 

10. If 2100 bushels of oats feed 200 horses during 21 ' 
days, at ^ a bushel per day, how long will 3700 bushels 

' last 760 horses, at f of a bushel per day ? 
' 11. How many yards of papQr, 22 inche^s broad, will 
cover a wall of 26 yards circuit and 9 feet high, if 20 
yards circuit c^ the same height can be covered by 72 
yards of 30 inch wide p^per ? 
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12. What provision must be made for an army of 9560 
men, in bread, if they shall receive 2 lbs. per day for 70 
days ; if foimd by experience that 5000 men will need in 
^5 days, 3]i2500 ll^s. at the rations of 2^ lbs. per day? 

13. The common step of a horse being about 4 feet, 
and that of a man 2| feet, the man mdkmg 8 steps to the 
horse's 5, how much space will the, man gain over the 
horse,' in walking a distance of IS miles ? 



CHAPTER IV. 

General Application of Geometric Proportion. 

§ 97. When two proportions are given, t^o unknown 
quantities may be determined by means of the mutations 
of these proportions, and tlie determination of the one by 
the three others ; appropriating the choice of the opera- 
tions to the given case, in such a manner that, by whatever 
operation the quantity sought is involved with other given 
quantities, these become disengaged by performing the 
contrary operation ; this is grounded upon the principle of 
arithmetic stated in the beginning, that each operation (or 
rule of arithmetic) has its opposite operation } and this is 
the principle used i^ all the reductions that have been 
made ii^^the proportions in the preceding sections, to ob- 
tain, or reiider easy the obtaining of the results, as it is 
also tiiat used in all higher calculations, in algebra, &c. 

Ist Example. Two numbers 'are in the ratio of 2 : 3 ; 
when each is augmented by 4, they are in the ratio of 5 : 7 ; 
what are these numbers ? 

Denoting the one by x, the other by^, we have the first 
statement: 

2 : S = X : y - 

And as the fourth term is equal to the product of the two 
mean terms divided by the first, we have also : * . 

3 X a? 
2:3 = * :. ^ — 



160 OBITBRJIL AVPLIOATIOlf OV 

. 3 X « 

that is, 3f ' 



mmmmm 



2 

The second proportion, hy usbg this result, will be 
stated thus: 

8 X « 

-6 : 7 « ar + 4 : • + 4 

2 

Multiplying the second ratio by 2 ; 

6:7 = 2ar + 8:3 Xa? + 8 
« By subtracting antecedents from consequents : 

6 : 2 = 2«-f-8 : « 
Subtracting twice the consequents from antecedents ; 

1:2 — 8:0? 

whereby a? = 2 x 8 »■ 16 

And 1^ by the first proportion, placing the' value of «, 
just found, in its place : 

2 : 3 = 16 : y 

or 1 : 3 = 8 : y 

whence y « 3 X 8 = 24 

2fi€l lixample, A father being asked how -many sons 
and dau^ters he had, answered, '* If I had two more of 
each, I should have three sons to two daughters, and if I 
had two lejBS of each, I should have two sons to one 
daughter ;'' how. many sons and how many daughters 
had he ? 

This evidently furnishes two proportions, one stated by 
the sums of the numbers sought and 2 ; and the other by 
the difierence between the numbws sought and 2, as fol- 
lows. 

Calling the number of the sons = x; 

That of the daughters s= y ; 

X -f- 2 : y -f 2 sa 3 : 2 

i_ 0? — 2:y — 2=2:1 ^'*^i^i 



vr:^ 



From these pi:^rtim» am obtftmed^ by tftq^gtotmd^ 
ed U|K>n the pimciplea oi proportion^ denonstrated in sec- 
tioD 86, the foOoliiiDg successive results : 

From a? + 2:v+2ss3:2 

or 4- a : ^ + 2— ;3f — 2» 3 : 1 

^ like mamieri fit)m 

af_2:y — 2='2: 1 

« — 2:a: — 2 — y + 2 = 2:l 

«—i»2:a?-7-y:^2.:l 

Dividing these twojresults term Iby term, as by sec- 
tion 86: . 

a? + 2 3 

:ls= — ;1 

x — 2 2 

or a? + 2:« — 2 = 3:2 

From^tfais x + Q + x — 2 : x + 2 ^-^x + 2 ^ 5 1 1 

qjp 2 or : 4 = 5 ; 1 

' • ' ' ' 

and x: 2 s 5:1 

d- B> 2 X 5 =:$ iO the number (rf" sons. 

Thoii^h this determines the number of dAughteiB, if we 
place this value in either one of the iarat proportions, and 
then determine the y, as in the foregoing example ; still it 
is evident that lx>th :i\ and y, are depeiMinit upon the data 
in exactly the same manner; I wilJ^ therefore also deter- 
mine ^ by a similar appropriate process, as it will be & 
good example to show the principles of this use of pro- 
portions in determinii^ quantities in g^eral. 

We made the£nit teim^ containing Xj our standing term ; 
we shall have now to make ^e second term, containing y, 
the standing term of the operation. Thus we hate from 
the firat proportion: 

« + 2 — y — 2-: y + 2 =» 1 : 2 
01 «— 'jf :y-h 2= 1 :2 



Afid from the seeoad ^pordoa ; « 

^-^2 — y + iiy — 2^1:1 

r, ^ — y • y -^ 2 == X : 1 

Dividing these two proportions term by tenn^ afis before, 
we obtain : - ^ 

y +2 2 

1 : = 1 : — 

* y — 2 1 • 

or y — 2:i/-f-2ssl:2 

By sum and dififer^ce : 

2^ + 2 + y — 2 : y + 2 — . y + 2 = 8 : 1 

or 2y :4 = 3 : 1 

^ : 2 = 3 : 1 
giving y = 2 X 3 tea 6 for the number of daughters. 

Sd Example^ I asked my two neighbours, John and 
Peter, how many heads of cattle each had ^ Peter, think- 
ing to puzzle me, says, '^Our cattle, taken togethei:,' are 
to what John has more than I^ in th^ ratio of 3 to 2 ; and 
if we multiply the two numbers of our cattle together, 
that product will be to all our cattle in the ratio of 5 to 
3.'^ I find how many each of them Jias in the following 
wayr 

Calling John's cattle aBtt 2; ^ r-x^ 

and Peter's cattle «» 1^ 

the first proportion^iven funushes me the statement, 

X + y I X — y = 3:2 

and the second, * ♦ ^ ' 

x + yix.y=^S:B 

By addition and subtraction of the first proportion is 
obtained: 1 

x + y+x — i^:ar + y— 'a? + y (Ba6 :1 
or 2a? :'2 y = 6 : 1 

f a? : y = 5 ; 1 
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thence a? + y : y = 6 *. 1 

and OP + y : a? = 6 : 5 

Diyiding the second proportion given by either of these, 
term for term, I get ; 

X -{• y X , y 3. 1 

■ . ■ ■ : I = — . : 5 ass — : '5 

a? + y y . 6 '2 

X + y X • y 3 1 

and - : — r— == — : 1 = — : 1 

« + y Of 6 2 

that is, 1 : a? = 3 : 30 = 1 : 10 

and. 1 : y = 1 : 2 

giving a: = 10; y = 2- 

So I find John^has 10 heads of cattle, and Peter appears 
to be richer in puzzles than in cattle, which he did not Hke 
to tell me. 

Ath Example. A, B, and C, in a joint speciilation, gain, 
and give only the following account of the quantity each 
gained : the product of the gain of A into that of B is 
equal to $1200, that of A into that of O «= $1800, and 
that of B into C == $2400 ; what was the gain of each ? 

This example will show, that an eqtiality of products as 
is given here, exprtsBcs a geoinetric proportion equcdly as 
wdl as an equality of fractions or^ ratios; for by the de- 
composition of these products into the extreme and mean 
terms of a proportion, we obtain the three prppojtions : 

X : 40 := 30 : y 

a? : 60 = 30 : « 

y :A0 = 60 : « 

Dividing the first by the second, term by terra, we ob- 
tain: 

a? 40 30 y 

X 60 30 z 

or 60 : 40 =^ 5f : y 

Dividing this proportion by the thi^d, term for term : 
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60 '4X^ M y 

^^^ « ^^^ «aM "^^ • "^"^ 

3f 40 60 2r 

60 : 2f s= JE X ;e : 60j{ 
60 :ir = «r: 60 
• « = 60 

Dividing the first and tfaird, term by term: 

0? 40 30 y 

t^ 40 60 « 

xzys=:90x:60y 
xz 1 s=mi2 
Midtiplyiiig thiA by Oiesecond, term for term : 

ar : 90 » 30 : X 
« = 3P 
Dividing the sacoad by the third, term £r lean : 

jT 60 80 it 

_^^ • ^^_ «a^ ^^^ • __^ 

2f 40 60 « 

40^:60^ = 30:60 
4 or : y ?= 3 : 1 
- a?:f s=334 
DividiBg this by the first, term for term : 
«y84-.14^ 

0? 40 30 y 10 y , 

or 40 : y = y : 40 

y = 40 

This example, expressly chosea for its simplicity, may 
suffice to explain the princiiiie. 

V 

BXAMPLES AND QUESTIONS. 

1. Two troveHers, A and B, leave two places, 100 nailes 
distant fima each other, at the same time ; A travels 6j^ 
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miles per hour,, and B 7 J miles per hour, what part of the 
distance will each of them make 1 T 

' ' .^ (A = 44,9205. 

.'^'**- \ B = 55,0295. 
And what time will they tmvel before they meet ? 

*dn8, 7 h, 6 min. nearly. 

2. How many yards of cloth were there in a piece 
which cost $66,60, the price of the yard being to the num- 
ber of yards, as 5 to 7 ? j^ti9. 9,5561. 

9. The sum of two numbers multiplied by the greater 
is 120, the same multiplied by the less is X05, what are 
the 2 numbers 1 Ans. 8 and 7. 

4. The slow, or parade atep^ of the military being 90 
steps per minute, and the step 28 inches, how far would 
troops travel, by marching 8 hours in a day ? 

5. The hour and minute hand of a clock are together 
at 12 o'clock) when are -they together after each hour af- 
terwards t 

6. Of two travellers upon the same road, A travels 5 
miles an hourj B 3 miles an hour ; when B passes a cer- 
tain place on the ivay, A is still 13 miles behind him ; at 
what distance -will he overtake B 1 Ans, 32 j miles, 

7. Two men bought a lottery ticket in partnership, A 
gave $9 towards it, B gave $7 ; the ticket draws a p^ze 
of $2000, how much will each of them get 1 • 

^ iA= 1125. 
'^^' \3=: 875. 

8. The father of a child is 52 years older than the child, 
his mother 36 years older, and the age of the father is to 
that of the mother as 4 to 3 ; what is the age of the 
child ? ' Ans. 12 years, 

9. The product of the sum* of two numbers by the 
greater, is equal to 209, and by their difference, equal to 
^7, what are these numbers 1 • Ans. S and 1 1. 

10. The sum of two numbers multiplied by the greater, 
Ogives 24 times the lesser, and multiphed by the Cesser, 

gives 6 times the greater ; what are the two numbers'? 

11. Three workmen can severally do a piece of work 
in the following times : A in 3 weeks ; B in 8 weeks may 

14* 
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perform H 8 times ; C 5 times in 12 weeks ; in whatliine 
will they perform the work jointlj ? 

Ansm in f of a week. 

12. If A and B together can perform a work in 8 dajs, 
and A and G in 9 days, and B and C in 10 days ; how 
many days wiH it take each to perform the work alone ? 

An9.To A = 14H; to B = ITJf; to G =?= 23^. 

13. The sides of two squares are in tbd catio of 3 to 1»« 
and tiie sum of Iheir surfaces m feet, is to the sum of theiir 
flktos in the ratio of 15 to 1 ; what areibe Mt!d9 of the 
squares! *^fM. IsyL and 6^^ 

14. A, B, and G make a joint stocli ; A ^ in #170 
less timn 9) and 1^340 lete dum O, and the eum of the 
ishares ci A and BT^ is to the sura of the sharea.of B and 
Gyas6to7; what did each put in? 

Jw. share of A » 426; of B»595; of C « 765. 

15. Ay By and G increase a certain stock they have, in 
equal shares, so that A adding $%D00, B 95000, and G 
98000, these d-diares are in contimied gaom^nc propor- 
tion, what was the share of each in the onginal stock, and 
what are &e new shares of each I 

(4000 of A. 
The original stock iraa 91000, the new sh. < 6000 of B. 

lOOOOofG. 

16. The product of twonumhers is 63, and the square 
of their sum is to tiie square of Iheir difference, as 64 is 
to 1 ? what are tiie numbers ? Jine^ 9 and J. 

17. Tbe difieience of two numbers when dlYided by the 
lesser, is .equal to 48 dividisd by the greater ; and when 
divided by ^e greater, is equal to 3 divided by the lesser ; 
what are the numbers ? Ans* 4 and 16. 

18. The sum of two numbeiB when divided by the 
greater, is equal to }, and when multiplied by the lesser, is 
equal to 126 ; what are these two numbers! 

Jln$. 6 and 15. 
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CaCTENSION OF ABITHMETIC TO HIOHER BRiiNCHES ANI> 
OTHER PRACTICAL AFPLICAT10K8. 
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CHAPTER I. 

Of Squa/ice and Cube Boots. 

§ 98. When in a multiplication the two factors are 
equal, the product-is called a squart ; because U corres- 
ponds to what would be produced in nature by laying off 
the quantity which these numbers represent, in any unit of 
ikeal measure, in two ctirections p^ipendicukur to each 
other ; and completing' the figure by two equal lines, 
c D drawn perpendioular at the end of these ; 

as, for mstanee, tddng 4 feet and laying 
them <^ff upon AB, and also upon J^C, and 
then drawing BDy and CD^ at equal dis- 
tances, again perpendicular to JIB^ and 
A B CD; ABCDwiil be a square, represent- 

ing the square t)f 4, that is, 4 X4 «» 16. 

F . The product of any two niunbers may be 
represented in the same way, by two lines per»- 
pendicular to each other, divided into equal 
parts, and completing the rectangular figure, 
having it» opposite sides equal ; as here ihe fi- 
gure EFGH. 

So we may, when we have soeh a surface, 

^ ^ <»* product, given, and one of the sides, iind 

the other side by division, as is evident from the second 

igure. Bi;it.wliiui the figure is a square, as in the ^rst 

\se, we can find the two equal sides of it by a peculiar 

process, which is cfdled ihs extraciion of ti^ atpMr^rooi ; 

the praeiple oC which it is now intended to explain. 

For this purpose it is neoessaiy to bvesttgate what a 



168 SQUiLRE AND CUBE ROOTS. 

product is composed of, by decomposing each factor into 
two parts, not unlike the method we have used to show 
the propriety of the principle of carrying in multiplication; 
namely, we divide the number into two parts ; thus, for in- 
stance, we would write 14 as 10 + 4 ; or merely consider 
it as so composed, and by multiplying the number into 
itself under that form, keeping each individual result sepa- 
rate, we shall obtain the following process and results.: 

14 
14 



4X4 
4 X 10 
10 X 10 + 4 X 10 

10 X 10 + 2 X 4 X 10 -f 4 X 4 
100 + 60+ 16= 196 

That is, we obtain by the product of the units 4 X 4 = 16 ; 
by the product of the^unit of the multiplier into, the 
tens of the multiplicand, 4X10 = 40, and Ihe same 
again by the (H-oduct of the tens of the multipUer into the 
units of the multiplicand ; then lastly, by the product of 
the tens, 10 X 10 = 100. 

This gives, by the addition, three distinct products, viz : 

Ist. The square of the first part, that is, the product 
of the first part into itself, here 10 x 10, 

2nd. Twice the ]>roduct of the two parts into each 
other, here twice 4 X It), or 2 X 4 X'lO. 

Sd. The square of the last part, or the tmits, here 
= 4X4- 

In making the division of the number, according to our 
decimal system of numeration, they follow the same order 
in magnitude as-here stated. We find also by the inspec- 
tion of this result, as we know besides by the multiplica- 
tion taUe, that the prodhct of the units can infiuence two 
places of figures, namely, units and tens^ a]|d cannot in- 
fluence the third; the same is the case wl^ any of the 
subsequent numbers, each influencing only the raiik which 
rt occupies, and the next higher rank ; .this give^ theprin- 
Cif^e, hy which we may £iow in any number, of how 
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many naflftbeis (he sqqareioot will be compofed^ nnaely : 
b^ dividing it into as many pairs of figures, firom tbe right 
hand side towards the left, as it wUl admit ; the number 
of these divisions, will be the number of figures of the 
square root ' 

As the extraction of iht Mjfiiare root of a number will 
again be the opposite of the eieVation to the square, the 
above operation must be executed in an inverted order to 
extract the square root, as in 'division the inverse order of 
the multiplication has been followed. 

The operation of raisiqg to a pow^ is also called, IiwQ' 
hUion^ andjthe extracting of the root, JBfcolution. 

In order to denote in an abridged manner the multiple 
of a number by itself, the idea inill readily occur, to write 
the number only once, and to in^cate tiie number of fac- 
tors intended, by placing a small lAunber at -the top and to 
the right hand of the number, corresponding with this 
number. of factors; and 10' s= lo X 10; 10' •» 10 
X 10 X 10 ; and so for any other. To indicate the ex- 
traction of the root the sign </, or an extended r, is writ- 
ten before the number ; as ^196, denotes the square root 
of 196 ; if other roots are to be extracted, the number 
conrespondittg to the degree of the root is written in the 
^ , as i{/ ; Q; and so on j but a mudi better method is, 
to continue the same- manner of notation as in raising 
numbers to their powers, expressing the roots in their cor- 
responding firactions, so that v^l96 = (196)^ ; ^196 
ss (196)^ ; and so on in higher degrees. 

§ 99. In £volution the fiyrst step will therefore be, as 
in division, to find that number whidi, multq)lied into itself^ 
will give the jproduct nearest below the! most left-hand 
subdivision of (he given number, whether this' con- 
sist of <Mia or two nu^ers.; this square bemg subtract- 
ed, the remainder must funush the two other products ; as 
the second of these is the larger, if we multiply the nuni^er 
found before by 2, and divide the remainder of the given 
number by it, we shall have a number as quotient, near the 
second, or next following number ; with which we shaU 
then have to execute the two products, indicated by the 
above result of |iuch a multipUcation. But in tbe deter- 
nHoation of this quotient it must be observed : that there 



• « 



17D S^ITARK XVJ> CTTBE BOOTS. 

mtMt be left a sufficient latitude for the subtraction of not 
only its double product with the first number found, but 
also of the square of this quotient ; as is evident from the 
result obtained by the raising of a number into the square* 
Ist Example. Let the above number be chosen to ex- 
tract the square root, to explain the direct inversion of th 
operation; or to execute 

= 10 + 4 = 14 



-v/ 196 
First square 10 x 10 = 1 00 


Remainder a 96 


Divisor ? X 10 = 20 


(20 + 4) X 4 = 96 


No remainder 


00 



20) in 96; 4 times 



The number divided off by 2 from the right hand shows 
that the root has Iwo places of figures ; so the first will 
be in the tens, opd the miniber in the second division being 
1, the square root of which is also 1, the first square will 
be 10 X 10 ts 100 ; the root therefore is 10 ; this being 
written, the square = 100, is subtracted from the whole 
196 ; the redaaiader, 96, being written, the divisor, which 
shall serve to find the other number, will be the product 
2 X 10 = 20 ; which being found to . ^o 4 times in the 
remainder, 4 is written in the root, and being als^ added 
to the 20, the sum of both is multiplied by 4 again, as we 
have found it to be factor in both the two last temt^ ; 
the product of this = 96, written under the remainder 96, 
being exactly equal, givea the 14 as the square root of 
196 in return. * 

2nd Example, Let it be given to extitict the square 
root ^ a number of more than two places of figures, as 
13456k Dividing ^e number off as before directed, we 
find, that the root must have three places of figures, or 
the first figure will be in the hundreds ; thus we obtain the 
f(41owiag process ; 
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1/1 

100 X 100 1 



Divisor 2 x 100 

Product 2X100 + 10 

' multiplied by 10 =■ 

Remain^r sa 
Divisor = 2 X" 110 
(220 + 6)X6 = 



34 

00 



34 
21 



13 
131 



56 = 100 + 10 + 6 
00 



171 
116 



56 quotient =£ 10 
00 



56 



56 



quotient » 6 



00 



It will easily be conceived, that every number does not 
give a whole number for a radical, because eveiy number 
is not the product of another number multiplied into itself; 
in the same manner as in division every number is not 
divisible by a given number. 

We^ may evidently in large numbers, by way of abridg 
melit, take only the two next numbers down, as in divi- 
sion, and ccmsider the former as a ten, in relation to this 
number taken down, and proceed thu'fe to the end, or to 
any desired number of places of decimals ; for the pro- 
cess, as first mentioned, will proceed in this case accord- 
nig to the same system, exactly as if it wa& a mere^divi- 
sion continued to decimal^, only the mode of making up 
the successive produeW which are to be subtracted being 
different. Therefore, . also, the evolution of a number 
with decimal fractions is exactly the same as the evolu- 
tion of whole numbers, whether k have an exact root or 
not. But it must be remarked, what the principles upon 
which decimal fractions are grotmded might easily sug- 
gest, namely : that the partitioning into pairs must begin 
from the unit and proceed equally, bo^ to the lefl and to 
the right ; therefore, if there be {an odd number of deci- 
mal places, a must be placed to the right to make up the 
pair, which, as is well known, does not change the value 
of the fraction. 

ThQ following two examples will suffice to give a coi- 
rect idea of it^ and lead to the practice of this operation. 

To execute yj 1419,7864, being a number with a deci- 
mal fraction : writing it partitioned off as just dii'ected, the 
following results : 
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Ftrit Bquan 



DiTiaor s S X 80 
(60 + 7)7 — 



Diriaor = 2 X 87,0 
(74,0 + 0,6)0,6. = 

RemaiiMlei ^ 

DiYisoi ^ 2 X 37,6 
(7S,20 + o;08)0,08 " 



= 37,68 ^ 
quot =7 



24 



00 00 
Here the process ia evii]ent,nx)m the ezpresaions placed 
opposite to each aumbei ; the mimber obtained b alwajv 
augroeoted b; a 0, and multiplied by 3, to fonn the diri- 
Bor, which from the reinainder givea the next figure ; thia 
■ ia considering it aa the ten of the following number ; the 
quotient added] and the sum multiplied bj it, gives the 
product to be subtracted i and the remamder is to be 
treated as before- 

Kzactly in the some manner the foUowing esanqtle 
Ipvefi v^ 2 ; it is here placed without any fiuStet indico- 
tioD, ia order to nve room for atudy- 

= .J,41«I3S«-f-*w- 
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« . EXAMPLES. 



1296 


8^^ 


7' . 


7921 


9th. 


18,49 


9899 


lOth. 


365 


25,ioai 


nth. 


106920 


69^5,61 


12th. 


152399025 


476991, 


13th. 


0,006 



Extract the square root of 

l8t. 

2nd. 

3d. 

Aih. 

bih. 

^ih. 

7th. 3, 14th. 78,5 

§ 100. From the preceding'we have only a short and 
easy step to make, by means of reflections grounded upon 
the principles just used to explain the extnu^tion of the r 
square roots, in order to determine the princi[des. upon 
which a Quadratic Equation is solved ; that is, to furnish 
the means to determine |ui unknown quantity,, which, in a 
combination with others, would be multiplied into itself, 
or that, as we have stated above, is said to be squared. 
To make the explanation more simple, we may u^e two 
means, which taken in conjunction will, I hope, leave to 
the attentive student of this book, no difficulty. 

I wish to introduce this here, sdthough unusual, because 
its absence would, leave us in the subsequent parts, when 
we shall treat of progressions, without the means of find- 
mg, or satisfactorily explaining, the solution of certt^n 
questions arising from them ; for I have proposed to my- 
self, never to lead the student blin4 over any step; 
while at the same time I wt^h to give him all the means ; 
of calculation in arithmetic, that he may desire, in a man- 
ner satisfactory to a reflecting mind. 

We have before decomposed the number, of which we 
wished to show the diflerent products forming the square, 
into two parts, and have there shown, that the square num- 
ber resiiUing was composed of the sum of the squares of 
the two parts, and twice the product of the two factors 
into each other ; we there decomposed the 14 into 10 nnd 
4; we choose this division on account of its direct appli- 
cation io the extraction of fhe square root of a number 
writt<m in our usual decimal system; but any division 
win do tile same thing. * 

15 
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If in the annexed 
figure, of 14 subdivi* 
sions on each side, 
we divide the sides in- 
to 9 and 5 parts, the 
9 II II M i M i I — n* result will be exactly 

the same ; we shall 
have the square j99a9 
= 9 X 9,= 81;the 
product of 5 X 9 
twice, on each side of 
this square, in 9a6jB, 
and 9 ocC, and the 
small square ahD0= 
^ 9 B 6X5 which together 

will fill up thc^ large square ABDC; and summing up these 
jnroducts, obtained by the multiplication as above, we obtain 

9 X 9 + 2 X 9 X 6 + 6 X 5 = 8 1 + 90 + 26 = 1 96* 

and any t)tber division would give the same ultimate result. 

As, therefore a square number can be decomposed in 
any two parts, so as to obtain from it two smaller squares, 
and twice theproduct of the two parts into each other, we 
are allowed to consider any square number to be thus 
composed. ~ 

We have seen in the very beginning, that in arithmetic . 
we have always two operations, exactly opposite to each 
other, the one always compensating tfaie efiect of the other. 
We have seen, in treating of proportions, that when the 
same operation w^s exeicuted on both sides of the sign of _ 
equality, the results were again equal, and therefore the 
principle of equality still subsisted ; or, ^hat is the same, 
that equal operations performed upon equal quantities do 
not destroy the equality ; by this means we were enabled, 
to obtain solutions of questions,. or, what is the same, de- 
termine unknown quantities, variously involved by other 
known ones. 

If now, in ap]^cation of these principles, we consider 
.an unknown quantity in any manner involved, which ap- 
pears in aiiy one or more of the parts, multiplied into it- 
self, that is, in the square; and in other parts sijnjjle; we 
are, by the principle last shown, authorised and enabled to 
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aeparate fhe 8quar<o from all other numbers, or quantities 
that might multiply or divide it v and we can consider it 
thus insulated, according to the explained principles of the 
division of the square, as representing the square of the 
first part, or subdivision of the number, or part of the 
whole square. 

To apply this to an example, we must again give our 
unlmown quantity a designation, and treat it as if we knew 
it, until it comes to stand alone on one side of the sign of 
equality, which gives the s<duti^n, by indicating that it is 
equal to the result of the combination represented by the 
known quantities on the other side of th,e sign of equality. 

' Theii the terms multiplied by the unknown quantity must 
be considered as representing twice the product of the first 

, term into the second, or, in that case, of the unknown 
quantity into the known ones. The knowir or determined 
part of tills will therefore represent the double of the 
second part, therefore half of this factor being squared 
will represent th^ smaller square ; (or in general the other 
square needed to complete the entire square ;) therefore 
by the addition of this square on both sides of the equality, 
a square number is obtained, of which the square root can 
be extracted by the rules given, or, what is in this case 
equivalent, which can be expressed by the given numbers. 
The quantity sought for is therefore known firom it 

Example, Suppose we had given, hy the result of a 
calculation, a combination of quantities which have the 
following form : 

480 =^3a?a + 36a? 

160 = «a + 12» 

196 = x^ +12^+ 36 - 

V 196 = a: + 6 

14 — 6 = 8 = a? 

having the a? in the square multiplied by 3 ; this must first 
be disengaged, by dividing dl the terms on both sides by 
3 ; this gives the second line ; then the 12, multiplying 
the simple ar, represents the product of 2 into the second 
part of the subdivision of the whole square ; therefore its 
* half, or 6, is the side of this second square, when x is the 
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side of the other,, because the 12;r, or 2 X 6 X ^ must 
represent the double product of the two parts, hke 9 ahB 
+ 9 acC If, therefore, w.e square the 6, and add it to 
both sides, by which the principle of the equality is re- 
tained, we shall have on the right hand side a full square, 
in which the x. is the side of one of the lesser squares, 
and the otKer is known ; thus, the third line above is ob- 
tained ; the two parts, iiito which the square appears di- 
vided, are therefore x and 6, which will together be equal 
to the square root of 196 ; this gives the fourth line. Ex- 
tracting the square root of 196, gives. 14, and if the 6 is 
subtracted on both sides, the difference gives the value of 
X as in the last Hne, for the final resultK 

The operations needed in consequence of the abovo 
principles are therefore the following. 

1. Write the given quantities in such <tn order, that^the 
parts containing the v>nhnown quantity stand cU on om 
side of the sign of equality; and those hofoi^g none hut 
knotvti quantities on the other side, 

2. An^ange it so that the square of the unknown quan» 
tity multiplies jat once all the quantities which it has tomuU 
iiply, and do the same with the quantities {hatnmliiply the 
unknown quantity simply. These multiples inay he one or 
more quantities and either whole orfvactionaL 

. 3. ^Disengage the square of the unknown quantity ofaU 
its multipliers, either whole or fractioiuity by dividing 
every term of the equation by them* 

4. Make the square of the half of the factors which muU 
tiply the unknown quantity in the 6mpUformj and add this 
square to both sides, • . 

5. Extract the squ^e root of that Me of the equation 
which has no unknown quantity, and write on the side of 
the unknown quantity the root of this unknoum quantity 
and of the square added. 

6. Subtract the known part ,ivKich now appear i added 
to the side of the unknown quantity from the. square root of 
the determined numhe^r (^ the other side. 

7. The^result will be the value of the unknown quantiiy 
sought, . - ^ 

These general principles will include all cases that may 
occur. 
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BXAMPX.es m QUADRATIC EQUATIONS. 

1. Given a?* — 8ar — 7 = 13 to find ar. Ans. 10. 

2. " 3.ar«— 2a? == 40 »' x, 4n8. 4. 

4. '^ 3a?'»' + 2ar — 9 =76 " x. An9. 5. 

6. " 2a?a— 64ar=66 " ar. ^n*. 1. 

6. To divide ten into two parts, so that their product 
shall be equal to twelve times their difierence. 

Jlns. 4 and 6. 

7. To divide 13 into three ))art6, so that the. difference 
between the^ squares shall be equal, and the sum of the 
squares = 75. ./9n«. 1, 5, onc2 7. 

' § 101. For the cuhcj or the product of three equal fac- 
tors, which coiresponds in nature to the solid, we have to 
multiply the product, which has been obtained for the 
square, once more hy the first quantity ; in order to show 
what d^rent parts it is composed of, the above mode of 
separating the factors is to be. preserved, because it will 
show how the products are to be made in the e:t;traction of 
the cube root. For this purpose, the same example which 
has served before will be again made use of. 

We have obtained in section 98, by 14 X 14, or 14^^ 
the result 

10X10+2 X 10X4+4X4 which being multiplied 

by 10+4- gives 

10X10^10+2x10X4X10+4X4X10 

+ 4X10x10 +2X4X4X10+4x4X4 

10X10X10+3X10X10X4+3X10X4X4+4X4X4 

= 103+3 X 10?X4+3 XIO X4« +4^ = 2744 = 14» 

• It will be observed, that this product is composed of 
the cube of 10 ; three times the square of 10 into '4 ;' three 
times the product^f 10 into the- square of 4; and the 
cube of 4. Or, generally, the cube of the first part, and 
three times the product of the square of the first part into 
the second ; then three times the product of the first into 
the square of the secoad part ; and lastly, the cube of the 
second part. ^, ■ ' 
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These prodttcti are therefore to be formed out of the 
parts of a cube the root of which it is intended to extract. 

It will again be observed here, that, with reference to 
the 8ub(hvision of the cube in the order of our decimal 
system, the second term will be the largest after the first, 
as it contains the double square of the fir^t, as the largest 
factor which may occur after the cube of the first ; it 
forms, therefore, the leadiqg part, or factor,, to fiind the 
second part, as in the extraction of the square root. 

It will also appear, that, as we had to divide off the 
number into pairs of figures in the square, here it will be 
necessary to divide off the number every three figures, 
from tiie right hand side towards the left, because the pro- 
duet of a number of two figures into one of one figure 
may give three figures in the result. 

With these results, and the principles which arise from 
them, for the converse operation, that is, the extraction of 
the cube root, we shall be able to execute this operation 
properly. 

Ist Example. The above resulting number, 2744, be- 
ing given, to extract the cube root, which is indicated thus : 



First cubic root taking off 1 ^ 

Remainder 

Divisor = 3X10X10 = 

Second term = 300x4 = 

Third term = 3 x 10X4X4 = 
Fourthterm = 4X4X4 = 

Sum of the three terms == 

Subtracted from the remainder leaves 



V2 
1 



1744 •= 14 



744 



300 quot. = 4 

200) * 
480} 
64) 



744 
000 



The only number which cubed will not exceed 2 is 1 ; 
taking away this cube gives the remainder 1744]; forming 
the triple product of the 10^ = 300 ; this in conmnon di- 
vision would go 5 times in 1744 ; but there must here be 
room for the subtraction of the products indicated above, 
and it will be found that only 4 will admit that ; thereby we 
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form the 3 terms placed under, as indicated, according to 
pmciples resulting from the formation of the cube ; the 
fium cf which is equal to the former remainder, and sub- 
tracted leaves 0, giving 14, the exact cube root of 2744. 

2ndMvample. Extract the cube root of 994011992, 
or execute 



^ 994 Oil 
9003 = 729 boo 



Fkst remainder =: 265 
Divisor = 3X900^ = 2 



3X9002X90 

3X900X90* 

903 



218 
21 



= 241 



Sum of factors 
Second remainder = 23] 71 2 



Divisor =3 X (990) a = 2 



3X990^X8 

3X990X3^ 

8» 



= 23 



on 

430 



700 
870 
729 



940 



522 
190 



Sum of factors = 23 1 71 2 

* 

Third remainder =' 00 ' 00 



992=900+90+8=998 
000 



992 

OOQ quotient = 90 

000) 
000 I 
000 ) 



299 000 



992 



300 quotient = 8 

400) 
080 V 
512) 



992 
00 



The given number admitting three subdivisions in be- 
ginning from the right, indicates a root of three places of 
%urcs. The nearest cube root of the first division of 
the numbers on the lefl being 9, which in the third place 
is equivident to 900, the cube being made and subtracted, 
leaves the first remainder ; the triple product of the square 
of it, taken as^a divisor, shows 90 as a quotient, for the 
next root. The products are now formed as indicated ; 
their sum being subtracted firom the first remainder, leaves 
the second remainder, upon which, the same process takes 
place as before, taking the whole of the root found as the 
first term; and the sum of the products being equal to 
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the last remainder) the Dumber given provea an escaet cube 
of the number 998 obtained as root. 

3d Example. If the number is no exact cube^ we may 
extract the approximate root in decimal fractions, as weU 
as in the square root ; the number of O's to be added each 
time must of course be three, and the products are^ form- 
ed as required in the former example ; the process will go 
on, in other respects, as has been seen in the square root. 
To make this striking^ apparent, we will here execute 



3, 9 - 



thus; 



Remainder =: 
Divisor 3X10* = 

3X10«X2 = 

3X10X2* = 

2» = 

Sum of factors :=:: 

First remainder = 

Pivisor3xl20« = 

3X120* X5 === 
3X120X5*5=: 

dumof fact(Mrs ss 

Second remainder :=» 
Divisor 3X126* S5 

3X1260* X9 = 

3X1260X9* =: 

9* =; 

Sum of factors = 

Third remainder =: 

Divisor 3 X 12590* =3 

3X12690* X 9 =s 

3X12590X9^ = 

9» =5 

Sum of factors =: 
Fourth remainder ss 



*2 

1 



000 
300 



600 y 

120} 



1,2599 + &o 

adding three O's 
quotient = 2 



600 
|120 

728 

272 1 000 
431200 

216teoO 
9|000 
125 



} 



adding three O's 

qUOt act 5 



2261 
46 
4 
42 



687 



125 

g75|000 adding three O's 

500 quot = 9 

600 
760 
729 

979 

383|021J000 adding 3 O's 

624 300 



187 
303 



42491 

3 



} 



476 



4279 
3 



282 



718 
069 



(1001242 



778 



quot. ^ 9 



700) 
3Y0 > 
729) 



799 
201 



Adding three O's, it would be continued as before. 
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The place of the decimal mark is evidently again de- 
termined by [the usual principle; namely : where it be- 
comes necessary to add O's to continue the operation. It 
is here only marked in the root and in the process omitted 
as understood that the value of the figures is determined 
by the well known law of the decimal system* 

.JBXAMPLES FOR PRACTICE. 

Extract the cube root of 



1*^. 


9261 


7th. 


1520,875 


2nd. 


1906,624 


8th. 


216,000 


3d: 


20570824 . 


9th. 


5832,761 


4th. 


4052,24 


lOth. 


64,372 


5th. 


43243551 


nth. 


389017 


6th. 


103161,709 


I2th. 


9092727 



§ 102. We here see again, that the principles deduced 
may lead to the solution of equations of the third degree, 
as this is called in higher calculations, or to determine a 
quantity which appears as formed of three equal factors 
multiplied into each other ; together with. others involved 
with the lower powers, that id, the square, and the single 
power, together with some terms consisting of known 
quantities ; but it is not the province of arithmetic to go 
into this inquiry ; because it requires operations, and pro- 
duces cases, which are reserved to be solved only in uni- 
versal arithmetic or algebra. 

It is , evidently possible to produce the involutions of 
higher degrees in the same manner that has here been 
shown for the square and the cube ; but the evolution pre- 
sents increasing difficulties as we* proceed, the possible 
combinations of different factors to the same ultimate re- 
sult being evidently always, more numerous, and therefore, 
also, the possible rootaf. Even in algebra there is not yet 
a general method found to sohrS such questions, and it 
steps entirely out of the limits of arithmetic to treat any 
thing relating to this subject. 

• CHAPTER 11. 

Of Progressions, or Series^ 
^ ^ 103. In mentioning (secticMis- i84 and 89) continued 
proportions, and the progressions or series which result 
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from iheir continuance, we referred to a future extension 
of the subject to the progressions or series, -which are hi* 
tended^s the subject of the present chapter^ 

According as the continued proportion is either an arith^ 
metical or a geometrical proportiony we obtain by its ex- 
tension to a greater number of quantities : either an artth" 
meticcU or a geometrical progression, or , series; each of 
which has peculiar laws ; we shall here begm with the 
first. 

§ 104. Ji series of numbers whieh processes increas- 
ing, or decreasing, by the same constant aifference, forms 
a continued arithmetical proportion, or an Arithmetical 
Series. 

This principle is therefore the element of all investiga- 
tion in relation to the properties of this kind of series ; ac- 
cording to it we shall be able to write all the terms sue- ' 
cessively, and therefore obtain the law of the mutual de- 
pendence of all the quantities concerned in it; such a 
series (which we will call equal to S) will, for instance, be 
^ the following r *! 

«=^2+(2+8) + (2+2X3)+(2+3X3)+(2+4X3) 

+(2+6X3)+&c. - 

In the wrltiiig of these series the terms are joined by 
the sign +, which may equally serve to express the arith- 
metical proportion, as I stated at first, and the constant 
equality of the' difference wUl become efqually apparent by 
the subtraction of each term from its immediately subse- 
quent term, which gives here the constant difference, 3. 

Considering the successive dependence of these terms 
upon each other, and comffaring their value in relation to 
their disttmce from the first term, we observe that the con- 
stant difference makes its first appearance in the second 
term, and being afterwards found added in each subse- 
quent term, it will in any. term whatever be once less thaa 
the number of terms indicates, whether ^e series be in- 
creasing <Mr decreasing. Thus we find it here in the suCth 
term added five times to the first term.- f his gives us the 
principle by which to determine any term, when the first 
term and the constant difference ure given. 

It will be of the greatest advantage in the extensidii of 
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arithmetic in this state of forwardness, to apply the use of 
letters to denote certain quantities, until they are det^r- 
nuned, that we may express our ideas clearly, fully, and 
briefly, hy applying to these letters the signs of arithme- 
tic which have heen taught in the beginning. We will 
therefore generally denote the quantities concerned in our 
present investigation by proper letters ; thus : 

Let the first term be designated by, or be =: A 
*' constant difference' = d 

" . number bft^ms of the series = n 
" sum .of the series ^sa S 

Thus we shall be able to express the property, which we 
have just fbund> of the value of any term, which. w» de- 
note by n, by 

tenn (n) sm a + {n-^ 1) d 

And the whole series extended to tiie term n, would bo 
written thus, (omitting the intermediate terms :) 

Ut 2nd (n-^l)a< ntb 

S = a+{a+d).... («+(»— 2)d)+(ai+(»—l)rf)+fec. ' 
Considering the fith term, it is evident that if, of the three 
quantities concerned in it, and the whole v^lue of the term 
itself, any three are given^ the fourth may be determined 
from them, just as we determined the fourth term in a 
geometrical prc^ortion, notwithstanding that &e law oi 
their mutual dependence is very diflerent. 

Example, In the above series we had a ■» 2 ; c^ = 3 ; 
let n denote the sixth term. We shall, by putting the va- 
lues of the letters in their places, and performing the ope- 
rations indicated, obtain the following : 

Value of the 6th term = 2 + 5 X 3 = 17 
In a similar manner any other term would be obtained, 
as: 

The 2Ut term == 2 + 20 X 3 = 62 ; and so on. 

If we had 62 as (he value 'of the term given, and the 
first term, together with the constant diifetence, we would 
evidently obtain the number cor]:esponding to the terni, by 
subtracting the first term from the sum, and dividing^the 
remainder by the difference, then adding a unit to the^quo* 
tient thus : « 
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62 — 2 = 60 ; then Vj == 20. Adding 1, gives for 
n= 21. 

In like manner any other part can bq found^ by revers- ^ 
ing the operations accordingly. 

If for instance the 1 Of ^ term was' given = 29, the cona- 
mon difference = 3. Tne first term would be found by 
subtracting 9 times the common difference from the amount 
of this lOthterm, as ' 

29 — 3 X 9.= 29— 27 ==2 

If the first temft ^=s 2, is given, and the ntimber of terms 
= 12, together with the value of thiat term = 35, the let 
term being subtracted leaves 83) to divide by one less than 
the number of terms, that is, 11 ; which will give 3 for 
the common difference. 

§ 105. The most Sequent use of these series, and 
therefore the principal object of inquiry, is the determina- 
tion of their sum, by means of the three other quantities c'on- 
cemed in it. The principle of this determination is deduc- 
ed from the nature of the series, in the following manner : 

As we found in arithmetical proportion that the sum of 
the extremes is equal to the sum of the means, so it is 
evident that here the sum of the extremes is equal to the 
sum of any two terms equally distant from them,''for the - 
sum of every such pair of terms nrnst contain the first 
term twice, and the constant difference an equal number 
of times, because theSe increase in numbers equally from 
the beginning onward, as they decrease from the end 
backward. - 

In the dbove series we obtain : 
By the first and last arj^th. term : 

2 + 2 4-5X3=^X9 

By the second and last but one, or 6th term : 

2 + 3 +24-4 X'3 =J9 

By the 3(2 and 4:th term : 

2 + 2X3 + 2 + 3X3= 19 

And generally, by the lat and wth term, we would obtain^ 
adopting the expressions above used^ the general value of 
any pair Of terms t ■ -^ ' 
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a + a + (tt — 'l)d 

Summing tip bU th^e pairs of terms, we would of course 
obtain the sum of tlie whole series.. But there are as many 
pairs of terms as the nmnl^r (^ terms divided byr2; there- 
fore we may obtaki the value of the whole series at once, 
by multiplying the value found above by half &e number 
of terms ; that is> in the above numbers : 

(^ + 2 + 5 X3)| = 67 

And in the general expression in letters, or, as this is 
usually called, Equation: 

n 
8 ^ — {2a + {n — \) d) 
2 

In this general expression again there are only four quan- 
tities concerned, three of which being given the fourth is 
determined ; by making such operations upon tiie above 
equation as will bring the quantity to be determined alone 
on one side of the sign of equality, as in this case the S* 

§ 106. To determine any quantity in any way involved 
in such an expression as the above, which in general aorith- 
metic is called an equation, the same principle is made use 
of as has been shown in proportion, namely, that all such 
mutations are allowed as do not change the principle, that 
after the change made, the quantities on each side of the 
sign of equality are agaiii equal. This leads directly to 
the consequence, that we are allowed to perform any ope- 
ration of arithmetic we may wish, upon such an equation, 
provided we do the same on both sides. 

As we have seen above, that the operations, commonly 
called rules of arithmetic, are of such a nature, that two 
are always opposite to each other, that is to say, the one 
will always evolve what the other has involved, or disen- 
gage what the other has engaged, we shall naturally in an 
operation such as is proposed, always perform upon such 
an equation successively all the operations which will dis- 
engage the quantity from all others, until it ultimately be 
found alone on one side of the sign of equality. 

We will therefore now apply these principles to the 
tfikoiion before us, to obtain successively expressions, or 
16 



w I 



186 Pa06EE8SI0K8 OR •ERIE«. 

equatiomi) for each of the quantities concemedy by means 
of aU the others, and so collect the solutions of all the 
questions upon this subject in a series of Problems. 

M Prohiem* To find the first term of the series, know- 
ing all the other parts, we Would proceed thus : 

Taiui^ the original equation 

n 
iS( = {2o+ («— l)(|) — 

2 

n 
we will divide on each side by — ; which will disengage 

this multiplication, md give : ^ 

28 \ 

= 2a+{»— I)d 

n 

Then, in <Mrder to disengage th^addition on the right hand 
side, we will subtract on each side what is added >th6re, to 
the part containing the first term ; this changes the equa- 
tion thus : 

2 8 

{n — l)d = 2a 

The a, or first term, will now be alone, and therefore be 
detenmned> if we divide on each side by 2 ; this ^ves ul- 
timately < 

8 d 

(„«l)_=a 

n 2 

This, expressed in words, which is in fact a less conve- 
nient way than the above expression, which speaks to the 
eye at once, would be thus : the first term is equal to the . 
difierence between the sum of the terms divided by the 
number of terms, and the product of half the common 
difierence into the mimber of terms, less one. 

Suppose We had. the sum of the series : 8 =z 164 

^* '* common difierence : d = 6 

" *' number of terms : n = 8 
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the abore expression would present us the following re* 
suit : 

164 7X5 164 140 24 

82 8 8 8 

2nd Problem. To find the common difference, we 
would transform the equation after the first step, thus : 

28 

having =2a+ {n—l)d 

n 

we jlUhtract 2 a on each side,' which gives : 

2JS 

— 2o= (n— l)d 

n 

This divided hjhyn — I, onhoth ades, ^ves flieiesalt: 

25 2a 

, = d 

n[n—l) n — 1 

This expression can he made more convenient for calcu- 
lation, hy subtracting the fractions after reduction'to a con»- 
mon denominator. • Thus it becomes : 

2 8 — 2na 

, a«- -^ 

n{n — l) 

And hj making the 2, a common ^multiplief to both termf 
of the numerators 

2(5— -na) 

d = ' ■ 

n{n — 1) 

Asstoning for the letters the values ^en to them above, 
we obtain : 

2(164 — 8X8) 2X140 280 

8X7 56 56 

3il Prohlm. Any two terms, the first being one of 
them, and tiie common difference being given, to find ihe 
immber of terms. 
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^Vfhea the first term is subtracted from the other term 
gkveuy we hayei the product of the common d^er^ce Inlo 
the number of terms less one as remamder ; dividing this 
therefore by the common difference, we have the number 
of the tem^ when we add one to this quotient; as for 
example : 

The first term being 5 ; the other terqi given 69 ; the 
common difference 4 : 

Subtracting the first teml gives 69. — 5 == 64 ; 

Dividing this hy 4, we obtain «■ 16 ; to which adding 
1, gives the number of the term =: 17. 

ith Prohlenu To find the distance which two terms in 
an arithmetical series are from each other, the common 
difference being given : 

If we subtract the two terms from each other, we evi- 
dently have for the remainder the product of the common 
difierence into the difierence between the terms ; there- 
fore, when we divide this remainder by the common dif^ 
ference, we obtain the number expressing the distance of 
the terms ; as for example : ' 

Having the ti^P terms 69 and 92, and the common dif^ 
ierence 4, we obtain 97 — 69 == 28 ; dividing by 4, the 
distance of the terms becomes ^= 7. 

These problems may evidently be varied in different 
ways; and I now allow myself the supposition that the 
scholar will be able to do it by himself, aa he may wish or 
need it. 

6th Problem. The sum of the series, the first term, and 
the constant difference, being given, to find the number 
t>f terms. 

This solution will lead us* w*o « quadratic equation, the 
principleA of wliiuh Have been explained above, vrith the 
express view to their application in this chapter. It ia 
]^pper to treat it in the general fiwrn ; we shall therefore 
take the first formula, or th^ equation, for the suln^ of the 
whole series, and from it solve the value of n> by the fol- 
lowing successive steps : 

n 
Original equation^ S == — (2 a + (n>- 1) 4) 

-,11 
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Multiplying all by 2 : ^ 

2S = niZa+ (n — 1) d) 

Executing the multiplication by n, indicated^ and also 
that by d, in its place : 

2 S =z 2 an + dn^ — nd 

Arranging the parts on the right by the powers ofn, and 
making n, a common factor to its multipliers in the first and 
last term on the right : 

2S=:dn* + {2a — d)n 
Dividing by d to make the n^ free of factors : 

2S 2a — d 

■ ■* = »* -J- ' M ^' , n I 

d d 

2 a'— d 
The —— evidently represents here the double of 

the second term, which we found above in a quadratic 
equation ; taking then the half of it, squaring it and add- 
ing it on both sides, gives : 

2S /2a — ,d\2 2a — d /'2a— dl\2 



d 



/2 a— dV2 2 a — d /2 a— d;\! 

+ I ^ J = n« + -^ n +1 ~) 

\ 2d / d \ 2d / 

The square root can now be extracted on the right side, 
it being an exact square ; there being on one side none 
but known quantities, thils : 

S /2a — dK2\ 2a — d 



X2 . S /2 a — dv 2\ 



2d 



And we have now the quantity which we intend to de- 
termine simply added to a known one, which being sub- 
tracted ultiniately on both sides, will leave us, n, alone, 
that is, fully determined* 

We will now, by way of explanation in numbers, apply 
this to the numerical series supposed in the &st problem 
aft>oye, by placing for .each letter (except the imknowa, n) 
its value. 
16* 
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'2X164 /2X3^^5v2\ 2X3-5 



>^ 



- ,/2Xl64 /2X3^5v2\ 

• * 

Bringing the parts of which the root is to be extracted 
under one single number, by the following operations suc- 
cessively : 

328 1 328X20+1 6661 

1 = — = a= 65^61 

5 100 100 100 

the aboTO will give us : 

V65>61 =n+TV = 8,l 

and n = 8,1 — 0,1 = 8 • 

§ lOT. We have s^en in section dd, that the continti- 
ance of a geometrical proportion produces a series of quan- 
tities of which each subseriuent i$ a product cf the pre*", 
ceding one by a constant factor, either whole or firactional ; 
the first case producing an increasing, and the second a 
decreasing Geometric Series {or progr^sionj) which is 
therefore the. constant ratio between the terms^ or what 
we have called the Index, 

The principles of the geometric series are applicable in 
all questions that relate to compound, interest, annuities, 
and the like ; their principles wiU here be investigated in 
a manner similar to that used for the arithmetical series ; . 
but upon the principles of the geometric proportion, of 
- which it is the continuance. We will for that piirpose 
proceed by the example of the following series ; the. sum 
of which we again call <S, to have a point of comparison ; 
ttietenns are therefore also added, orjoined by the sign +• 

5 « 3+5X3+5* X3+6»X3+5* X3+5ff X3 

♦ +5^x3 &c. 

The law of continued geometric proportion, that the 
product of the i¥^o eictremes is^ equ^ji.to Urn prodnQt of the ^ 
i«ta^ term inte itself, evid^oily hold? gQo4 h^tfir. and w# : 
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Havey fpr instance, bj the product of the first and thiid 
temiy compared ^sififh the second, the following results : 

8X&«X3 = 5X3>;6X3 

er 226 = 226 

And by the same process upon the last term and the se- 
cond befbte the last, compared with the one before the 
last: 

6*X3X6«X3 »= 5^X3x5»X3 

or 2197165625 = 2197165625 

and also by the first into the last and the second into the 
one before tl^ last) as - 

8X3X5* = 3x5XaX6l 

or 140625 » 140625 

In an cases results evideatly identical are obtained, 
Comparing the number of the factors of the constant 
ratio in each term with the number of this term, we find 
again, as in the arithmetical series : that, as this factor i^ 
pears of course for the first time in the second term, each 
term will contain one factor less than' the nUmber indicat- 
ing this term ^ thus the second term has one factor, the 
third two, the seventh (as above) six ; and in general the 
nth term will have n — 1 factors, exactly in a siAiilar man- 
ner as fbund in the Arithmetical series. This considera- 
tion enables us to determine any term of the series, for : 
the nth term of the series above will be, = 3 X 5(n — l) • 
and if we again adopt general denominations as in arith- 
metical series, b^ calling 

the &rst term «■ a 

tb^ con stant ra tio =» r 

we would write the above expression of the nth term 
as a . r(B— 1) ; thfKt is, the Hthterm is equaJ to the pro- 
duct of tiie first term into the common ratio elevated to a 
power one unit less than this number of the term. We 
may therefore again determine any one of these four quan* 
titles when we have the three others given. 

§108. Ttom ihQ frin^iplt0 of eonHwud geametrie 
prcpoHipn a iEbrmulSi or equation, is.joow to be.deduce^ 
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expressing the Sum of a ge<>metrie series in general terras. 
We have seen among the mutations of the geometric pro^ 
portion : that the sum of the two terms of each ratio may 
be compared with either its antecedent or its consequent ;^ 
this, applied to continued proportion, where the middle 
terms are equal, produces the following : Applied as ex- 
ample to the first three terms of the above series, namely : 

3:3X6 = 3x6:3x6« 
whence, bj addition : 

3+3X5 : 3 = 3;^X5+3x6a : 3X6 

or 3+3X6:3X6+3x6* =^^: 3X6 

by mutating the middle terms. "^ 

For reason of the same equality of ratio we can add 
the next ratio to the antecedents,- or by mutation to the 
two terms of the first ratio, and compare it to any one of 
the antecedents and its ccmsequeats, for which we may 
take the first and second term and get, for instance, for 
the next step: ' 

3+3x6+3x6* :3V 3x6+3X6*+3x6* : 3X5 

or, 3+3X5+3X6* : 3X5+3x153+3X63 =3 : 3x 5 

Thus we might continue until the first antC'-^edent would > 
contain all the terms except the last, and the first conse- 
quent all the terms except the first; the second antecedent 
being always the first term and the second consequent the 
second t^m t or by exjpressing the sum of all the antece- 
dents by the sum of the whole series less the last term, 
and the;Sum of all tiie consequents by the sum of the se- 
-iies4es8 the first term, we wUl hav« a general proportion 
lesuiting, expressed in the letters adopted above, and for 
a series of n terms ; viz : 

Sum of an- I f sum of con- > i-i *-.-«, - <%^j4. 

S — ari^'^'^y : S — a = ai ar 
and by subtraction ; 

a — ar(n — J) : 5r— a«»^-i-ar : or' = 

dividing the antecedents by ai 



1 — r(a- 1) : 5 — > =;= 1 -^r :4ir 
.irtidtiplj^ Ate aatoj^edenta by r : 

r — f* : <S — o = r (1 — r) : or = 1 — r ; a 
excbangiiig the mean terms : 

r — f* : 1; — r = iS> — a:a 
sum q£ aateeedents and consequents compared with the 



r — r» + 1 — r:l — r s= 8 — a + a: a 
or 1 — rn : 1 — r 5= 5 : a 

wnich giy^s : 

a(l— rn) r« — 1 



as a- 



l_r- r— 1 

The better to impress this operation, and its difierent 
steps, I will repeat it here in the number3 of the above 
series, which wiU en^le us to make the full comparison 
of its general result with any individual case that may 
occur. The series chosen gives the ibllowihg numbers 
in the first proportion, under Uie supposition of the num- 
ber of terms frbetng 7 : 

^_3X 6«:iS— 3 = 3:3X5 

3 — 3 X 6«:« — 3 = 3 — 3X5:3X5 
1 _ 5« : S -^ 3 = 1 — 5 : a X 5 
6 — S'':* — 3 = 6 — 6 X6:3 X 5 

= 1 — 5:3 
6— 5;»:l>— 5 s= £1—3:3 
5 — 5'' + 1 — 6: 1 — 5=: S — 3 + 3:3 
l_5t :1— 5 = ^:3 

. 3 (1 — 5') 3 — 3X6' 

l_5 1—6 

234372 

;. s 5851»a 

■ 4 . .- 

'' Smari. I hei« pefBiitted'tlie quantity to be subtract- 
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ed to be Uie gteater, both in the numerator and in the de- 
nominator ; this, though apparently a contradiction, is com- 
pensating on the same ground as has been shown above : 
that the objects themselves disappear in a rule of three, 
when they appear equally, both in numerator and in de- 
nominator ; the residt here is therefore equally positive. 
The signs of addition or subtraction, that is, +, and -^, 
Compensate as equal quantities in numerator and denomi- 
nator, exactly like the quantities themselves. It will easily 
be seen, that if the series had been a decreasing one, the 
case would have been the reverse ; the ratio being in that 
case a fraction, the numerator and denominator would both 
have presented positive numbers, that is, the subtracting 
quantities, being fractions,^ would both be smaller than the 
unit. 

The above expression for the value of the sum of a geo- 
metric progression is therefore the rule (to express it in 
the common language of arithmetic) by which this sum. is 
to be calculated. It can be stated very simply thus : 

Take the difference befween unity and the coTistant rtUio 
elevated to the power indiceUed by the number oftertns; di" 
vide this by tne difference between unity and the comtwU 
raiioj and muUiply the quotient by thejirst term. 

This rule is evidently adapted both to increasing and 
decreasing geometrical progressions. 

§ 109. The foregoing expression, or formula, again 
presents us four quantities mutually depending upon each 
other, in the manner expressed by it ; we may therefore 
conclude : that any three of them given, determine tiie 
fourth ; which mi^ht form as many distinct problems, as 
shown in the arithmetic series; we will here only show 
how to find the first term, the other parts being given. 

The last step of the reduction of the proportion evi- 
dently gives : 

1 — r 

a=^S 

1 — rn 
or, in words : Dfvid$ the difference heiuften unity and the 
eanUant ratidy by the difference between unity ana the ratio 
elevated to the power in£eated by the number oftemOf qnd 
multiply the quotient by the mm of the.ieriei* 
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• 

To detemune the constant ratto, or the nmjbber ei the 
tenn, when the other parts are given, requires more ex- 
tensive deductions and calculation than the plan of these 
elements admits of; the first requires a solution of what 
is cidled a higher equation, and the second the use of lo- 
gaathms, which boUi lie beyond our present limitf> 



CHAPTER HI. 
Of Compound /n^ere^t.— PrtfH^|>le» of JtmmiiM, 

§ 110. We have seen in its proper place, that the cal- 
cuhition of simple interest was a simple multiplication of 
the capital by the decimal fraction representing the inte- 
rest per hundred ; and in the Compound Rule of Three 
the (yther questions have been treated which relate to this 
subject. But, as well for the transactions of monied in- 
stitutions, as for various other calculations, in political 
economy and otherwise, the interest after the year, or any 
other term agreed upon, is considered as again bearing in- 
terest, and thus the interest increases at the same rate as 
the ciq>ital itself. This introduces of course a mode of . 
calculation completely difierent, and partaking of the na- 
ture of the Progressions : its principles shall here be treat- 
ed separately, and with the additioii of payments at deter- 
mined terms; as the interests or annual pa3rments, called 
Annmtie8y of which it may be proper here to give only the 
first principles, without going into the details which more 
intricate speculations introduce into them, as they would 
draw us out of our prescribed limits. 

We shall take the liberty of making use of letters to 
designate the quantities, until we give them actual values, 
by way of example ; in order to give to the reasoning that 
general form which it is so advantageous to introduce in 
the higher branches of arithmetic* Thus we will call the 
capitail = C, and the rate of the per centage = r ; and 
proceed with these as if they were known numbers, indi- 
cating the operations by means pf the signs which we i 
have long been familiar with. ' 



The ea]^MIitlTin^b6en ono yeof at' intbresty it ynH be 
worth, tdgefliei^ witii that intef^dt, ' 

C + rC = C (1 + r) 

(for the C multiplies the imii and the rate per centJ sa r.) 
This being now the capital <m interest for the second year,, 
it will produce an interest = (T (1 -|- 1*) r ; and the whole 
value of the capital and interei^t at the beginning of the 
third year will be the sum of the last year's capital and 
the interest of the same; naftiiely ^ 

C(l+r) +*C(l+r)r = C(l+r) (1+r) ss C(l+r)« 

(for here the Cl[l 4*0 ui again a multiplier for the unit 
and the rate per cent. == r, and so will be the ease in ea^h 
following year.) This capital, at the same inferest, in tke 
third year will produce an interest :a 

0.r(l+r)* 

wfaieh added' to ibe last capital, gives at die beginning of 
the fourihyeBX the value of 

C{l+ry + Cr{l+ry = €(l+r)«(l+r) = C(l+r)» 

This is therefore the law of the increase of a capital 
put out upon compound interest ; which for any number of 
■years, sajr n, would give a definitive sum, 

5±=C(l+r)n 

or expressing this in words : In order to obiain tiu ffohte 
of the whole capOal at the end of the last year, the ra^ of 
interest added to wnty^ raised to. the p&wer indicated liy 
the number of years elapsedy is to be nuidtipked into the 
original ca^taL 

To show the same operation in numbers, let us suj^pose 
a capital, C &= 7500, at the rate of 6 per cent, compound 
interest; tiiis (expressing the percentage inadeeimal 
fraction) evidently gives : ~ 

The first year's interest : 

7600 X 0,06 
The capital at the end of the first year : 

7500 + 7600 X 0,0» 
which will be more easily calculated flms ; 



T500X i,ef8 

The second year's interest "w^ be :' 

7500X 1,06 X 0,06 
The capital at the end of the second year ; 

7500 X 1,06 + T500 X 1,00 X 0^06 
or, agani ejcpressed more siflf^ply : 

7600 X 1,86 X 1>06 «= tSOO (l,06)a 

It will progress in this maimet every year by the power 
of 1,06'; that is, the oHginai capital Will be multiplied by 
1,06 in continued multiplication of as many factors as the 
number of years indicates ; for instance, at the end of six 
years we would harve ; 

(I^)'X $ 7500 « 7500 X :1,26247696 

§ 111. If to the *bbve conditioh of compound interest 
we add the condition of annued payments, we have the 
idea of an •Annuity ; when these paj^ments are supposed 
larger than the interest, (as in that case the whole might 
be re<luced to simple interest,) it is evident that liiey must 
etentUally consume the capital itsel£ianti that compound 
interest must also be allowed upon these pajrmenits as well 
as upon the capital ; the conditions of such contracts are 
therefore varied, and grounded upon various contingencies, 
and principally upon a combination of chances, particu- 
larly the probabilities of life, into which it cannot be our 
object to enter ; i$te Jir^t principle which lies at their root is 
all that is intended to be shown here. The difference be- 
tween the capital ifierease4 at eompomid interest, and the 
payments madey at any time, allowing the same rate of in- 
terest, is therefore the value of the annuity at that time ; 
this will be founded upon the following investigation. 

We shall. here proceed as'in^the preceding section, call- 
ing the annual payment = p; and supposing them to be- 
gin at the end of the first year : it wiU^aAerwards be easy 
to adapt the result to other conditions of paymeats, begior* 
ning at a later period. 

Thus we have, * . - 

At the end of the first year, the ambimt lefl^ 
i7 
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At tlie end of fiie second year 

= C(l+r)»— p(l+r)— p 

At the etui of tbe ^trd year - 

= C(l+r)5— i>(l+r)^— p(l+r)— p 

and so on every subsequent year, always deducting from 
the original capital, with its compound interest at the time, 
the payments made "with their interests, at the same rate, 
also at compound interest. . 

So for the end of any year, generally named ssa n, we 
shall have for the amount lefl, called a, expressed as fol- 
lows :* . . 

a =?= C(l+r)'» — p(l+r)n-i— jp(l+r)n-2until— p 

The series of payments with their interests evidently 
^rm ageometiacal series with the constant ratio == (1-f-r) 
the payment as p, being the first term ; we can therefore 
place its value at once instead of the series according to 
the expression, found in section 108. The number of 
terms is evidently = », because the payments are conti- 
nued until the term p, which has not the common Iratio in 
it . So we have for the cunount of this series, 

P X r- 

(l4-r)-l . 
and therefore for the v^ue of the. annuity. 



C(l+r)n— p X 



(1-Kr) — 1 
(1+r)" — 1 



*■ Tb vtpven iMs in aTo)« would be aseleas ; we will rather 
•ubtlitute, by w'^y of example, Ihe numbers Which the letters re- 
present, and join the result in the first example foUowiiiff, takto* 
the data of Ihe ibregoioi; example. 



r' 
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If the pajrmexits were to oemmeaGe at a later period than 
theheginning) Or to stop after a certain number of payments, 
as for instance^ the supposed probability of the life of the 
person enjoying a life annuity, it is evident^that the only 
difference resuhing would be in the number of the years 
which denote the power of the ratio of the series of the 
payments* Suppose it should take place, m years after 
the lending of the money, or beginning of the compound 
mterest iq>on the original capital ; we would then have : 

(l+r)n — m — 1 
0=0 (l+r)n — J> = : — 

r 

This latter is usually called reversion. 

1^^ Example, Supposing the capital which was given in 
the preceding section, and that an annual payment of $800 
was to be made, beginning with the first year, and letting 
the number of years also be 6, we shall have the amount 
in the hands of the receiver of the money at the end of 
6 years : 

By the expression, 

/ (1,06)* — 1 

a a= 7500 (1,06) • — 800 

0,06 

a = $10639,9 — 5580,266 = $5658,633 

2nd Example. Suppose the same capital originally 
given, and the same payments, to bdgin 6 years after the 
placing of the money ; what will be the amount after 14 
years f 

By substituting these numberei in^their proper place we 
obtain: 

(1,06)«— .1 

a ^ 7500 (1,06)* ♦ — 800 — 

0,06 

from which is obtained : 

u =: 16956,88 — 1275,08 =» 15681,6 

To find in this c&se the rate per cent or the number of 
years, having given the odier parts, will again require me- 
thods of calculation which Ue out of the limits of thia 
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work ; as mi^ be juc^ed from their form, 9mA by referenoe 
to the precedifig chapter, on geoiaetrical series* 

§ 112. The deternuBation of the value of arrears of 
payments is ^Iculated upon the same principle as the 
payments in the preceding case ; because it is supposed 
that the money due at^j^rmer times,. and not paid, would 
have increased in tiie sam^ manner ; therefore the- solu- 
tion of these cases lies in the see<md part of the above, 
and the result is obtained by a mere change of denomina- 
tion; tnus: 

The^ amount ^ aU arrears doe /^ 9 

The yearly payments /=\P 

The rate per cenU interest = «• 

The number of years' arrears due ^ n 

{l+r)n—l 
Gives the result of «. = j> ■ ■ 

Example. An annual payment of $1000 being in arrear 
for 7 years, what is the amount to be paid, on the princi* 
ple of compound interest, at the rate of 6 per cent, annually? 

(1,06)'' — 1 0,5036303 

This gives a = 1000 •> == 1000 '• 

0,06 0,06 

or a = $8393,33 

§ 113. When a certain ci^pital is to be distributed into 
equal payments under the allowance of compound inte- 
rest, aa is often done,^tbe expression of section 111 gives 
the principle of this distribution by the simple supposition 
that the second part of the expression, containing the 
. amount of the yearly payments, with their compound in- 
terest, must be equal to the first, containing the capital 
with its compound interest. That is to say, we have 

C (1 + r)n = |> ■ — 

^ ■ 
This, considered as product of ^itre^nes and means in a 

gaometrie pfoportio»f fivep 

C:p=B(l 4-r)n^l :r(l + r)o ^ 
Bo we may deiermine with equal ease the yearly payment 
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ss py which wiU eztmguish (or be*equal to) a certain pre- 
sent amount = C, at the rate per cent = r, in the num- 
ber of years = n ; and the present capital which such 
yearly payments will represent ; for we have from this 
proportion: 

r (1 -f r)n (1 + r)n — 1 

p = C ; and C = p > ; 

(1 + r)n — 1 r (1 4- r)n 

by the simple rule of three. 

In substituting here, by way of example, the numbers 
feund or given invseolion 111, the above expression would 
stand thus : 

0,06(1,06)» 

Payment $800 = 6680, 266 r 

(1,06)' — 1 

. (1,0^). _1 

Capital $6680,266 = 800 - — r 

0,06(1,06)« 
The determination of the number of years that it will 
take to extinguish a debt by given yearly and equal pay- 
ments, is another question that is beyond our present hmits, 
for it is the same as that stated in section 109. This sub- 
ject is therefore dismissed, and it is expected that any stu- 
dent, who has applied himself to this exposition of the 
principles of this kind c^ calculation, with the necessary 
understanding of the general principles of arithmetic 
taught in this book, wiU iind no difficulty in solving any of 
the questions upon this subject coming under the head of 
the parts treated in this chapter. 



CHAPTER IV. 

OfMigaH9ny or Mixtures of objects indifferent Values. 

§ 114. Iii retail mercantile concerna it o^fcea occurs, 

that it is desirable to ascertain the proportional value of 

a mixture of things of different values, which are given. 

Reflection upon what has been heretofore taught would 

17* 
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point out the principle upon wUch sucj^ a propordosfil^ va» 
Iiie may be determined. This raiue of the mixtwe bemg 
naturally a certain mean of all the componient parts, this 
eperaJtion of arithmetic is usually called JilligaUen MedM. 
The quantity of each component part multiplied by the 
price of its unit (what is usually called its value) evidently 
gives the influence pf this part upon the general mixture. 
It might therefore be considered generaUy as acting ex- 
actly in the same way as the product of cause into time. 
The sum of all these products evidently constitutes the 
whole. Thus we might say in any number of things 
mixed, 

CX T+c X < + a X^ + o Xj; =JB 

the sum of all these uniting in the common effect =» E. 
If, therefore, the mean effect, that is, the mean value of 
each individoai Hhing, or nnit, in the mixture is to be de-' 
termined, this whole effect, that is, the sum of all the par- 
tial effects, is to be divided by the number of things mixed, 
or the objects acting m the general result ; because by the 
mkdng each part of the mixture it is intended to be brought 
to the same value, or intended to be considered as such. 
And the same wiU be the case in ts^y union of effects of 
any kind, as-labonir and the time of its duration, or any 
•ach kite* 

This, expressed in the Hsm. of section 94, wiU give, 
oonsideiing -C^ (or the cause) as the objects, and (the 
time) T, as their value, the fc^owing general result : 

Cxr + cXi + aX» + Q Xj; 

Mean = ' ' — ^ 

C + c + a + o 

Ijxam^h, ^ Suppose that a number of men work at a 
certain work during a month, as lollows, viz : 6 men work 
15 days each ; 4 men work 19 days each ; 12 men work 
20 da^s each ; and 10 men w<h4c 26 days each, during that 
time ; on how many days' work, on an average, can one 
oalcidate for each man, in &month?_Tfaia gives : 

6X15+4X19+12X20+10X26 18 

Mean = --— — ' ■ I 35^+ — 

6+4+12+10 ^ 16 
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Itt thia maimer it may evidently also be calculated, that 
in a number of workmen engaged in a woik the occasional 
absences may reduce the amount of work which they 
would otherwise perform ; to the mere result of the pro- 
duct of the denominator of the above fraction into the 
quotient found, or the above workmen taken together, 
would in a month have executed only the work 
Wr = 32 (20 + fl) « 666 days 5 
or the amount of i^e numerator of the fraction, as is evi? 
dent ; instead of which, if they had all been present the 
whole of the 26 working days in a month, they would 
hav^e proiduccd the work == rr = 26 X 32 = 832 days. 

§ 115. When in such a composition it is desired to ob- 
tain a certain mean value of the objects mixed, or (as in 
the preceding example) a certain amount of work,by means 
of objects "of different value, or, as above, men differently 
assiduous to their work, it becomes necessary to deter- 
mine the quantity of each individual ingredient, (or, as 
above, the quanti^ of each men of a certain assiduity,) to 
obtain the desired aim, thai, is, the price of the thing aim- 
ed at, (or the number of days' work desiredr) This ope- 
ration of arithmetic is called Alligation Alternate, It is 
requisite that the quantity of objects below the mean value 
must compensate for those above it ; their products must 
therefore become inverted, between every one above the 
mean in relation to every one below the mean, and in- 
versely^ In thus composing a mean without limitation 
of the quantity to be made up, or of any of the parts given, 
it is evident that a number of solutions will be possible 
for each question, but that all will be multiples of each 
other- The practical method used is the following : 

The different values -being written under each other, the 
difference between one value above the mean and this 
mean is taken, and placed opposite one of tlie values below 
the meani and alternately, the difference between this 
lower value an4 the mean is written opposite to the value 
above the mean 9 thus all the differences that may be pos- 
sible in the given case being taken, the numbers opposite 
to each value giye the proportional compensation required 
of each ingredient above the mean, to compensate for each 
of those Wow and alternately ; theireum must therefore 




204 ALLIGATION. 

in each case give the amount of compensation requii^^d of 
each on one side of the medium, referred to each on the 
other side, by which they are all reduced to a mean value ; 
these numbers are therefore severally to be addedj and 
give the quantity to be taken of each of these respective 
values, their products into the values, to which they are 
opposite, will give a sum answering a compound as desir--- 
ed. And every equal multiple of all the pftrts will also 
give an equal multiple of the whole. (The parts compar- 
ed are linked, to show the operation.) 

Example. A goldsmith having gold 15 carats fine, 19 
carats, 21 carats, and 24 carats, wishes to make a mixture 
20 carats fine ; how much of each has he to take ? 

15— 1— ,4 +1 = 6 
1+4 = 6 
1+6 = 6 
!6 + 1 = 6 
which gives 

15X5+19X5+21X6+24X6 = 20X22 = 440 

or the whole mixture being 22, be it ounces, grains, or 
what it may, there must be in it 5 of the 15 carats gold ; 
5 of the 19 ; ^6 of the 21 ; and 6 of the 24 carats gold ; 
' which evidently bears the proof of giving, when 20, the 
mean price, is multiplied by 22, the whole quantity mixed {^ 
the sd[me result as is obtained by the sima of the individual 
products. 

§ 116. If either the whole amount of the mixture, or 
. any one of the parts to be mixed, is limited to a certain ' 
quantity, it becomes necesisary, after the above operation, 
to take the ratio between the part given and its correspond- 
ing number in the above result, and to make all the other 
numbers in the like manner proportional to their correa- 
pondmg ones in the above result. 

1st Example. If in the above the whole mixture was 
required to be 36, instead of 22, we should have to make 
the proportions 

(the 15 carats, or) 8,45 
( " 19 " ) 8,46 

( »» 21 » ) 9,818 

(w 24 » ) 9,818 



22 : 36 = 
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ind Example, A goldsmith has silver six ounces fine ; I 

10 ounces fine ; and 20 ounces of silver 9 ounces fine ; I 

how much of the two first must he add to the 20 ounces | 

of 9 oimces fine, to make a mixture r6 ounces fine ? 

7 ^ i 4- 2 =3 

1 =1 

1 =1 



{ 



8{ 9 ^1 

10 



This will give the ra.tio of the silvers ; now the silver at 
9 ounces fine being determined at 20 ounces, the propor- 
tion formed from the ratio of the number found for that 
kind of silver, to the number Hmited for it, is. that which 
must guicle all the others, or gives the constant ratio; to 
which the ratio between the numbers just obtained and 
those to be employed must be made equal ; as follows : 
1 : 20 = 3 : (silver of 7 ounces fine =) 60 
1 : 20 = 1 : ( " 10 " . =) 20 

§ 117. We shall now close these elements of arithme- 
tic ; for to go into more complicated practicaT applications 
would exceed the proper limits of first elements, and may- 
be much better treated algebraically. The regula falsi, 
or rule of false supposition, both simpje and compound, is 
intentionally omitted, the first because an attentive scholar 
of what has been here taught will not need it, but find in 
what he has learnt the better means to solve the question, 
the second because its operations belong more properly to 
algebra, so far as they actually lead to a determined re- 
sult. A short retrospective view of what has been treated 
on in these elements may here not be misplaced. 

§ 118. I have dwelt at some length upon the first ele- 
mentary ideas of arithmetic, the notation or signs, of the 
arithmetic operations, and the,principles.of the systems of 
numeration, because, as was there said, these first ele- 
mentary ideas, if well understood, will be of the greatest 
utility in rendering every operation in arithmetic easy ; it 
is therefore to be wished, that the teacher extend them 
still more, by some practice upon other systems of nu- 
meration, besides the decimal system, and by familiarizing 
the varied combination of the signs of aritmnetic, the full 
value of these combinations being ultimately assigned. 
The same reasons dictated to me the detailed description 
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of the four rules of arithmetic, which it is certainly pto^ 
per to make ehsy, aad satisfactory to the mind of the be-? 
ginner, if he is ever to know how to apply them in their 
proper place. 

In treating vulgar fractions, I considered it obligatory 
upon me to proceed by exact mathematical demonstration, 
'and to deduce them from their actual origin in aH unexe- 
cuted division ; while in decimal fractions the whole of 
their principles will at once spring from the consideration 
of division continued below the unit, according to the 
same system as above it. In considering all coixventional 
subdivisions of the units of different kinds of qucuitities as 
denominate fractions, I found it possible to treat it with 
some systejm, which is not possible when each is treated 
separately. , If I have deviated in these considerations 
from the usual metiiod^ I hope the clearness that results 
will excuse me. It appeared to me proper to biing the 
scholars to this point by what might be called theoretical 
steps. 

§ 119. The Second Part 'will affprd the scholar the sa- 
tisfaction of a useful application of the* principles learnt 
before. I considered it proper to devote a separate part 
of the book to this, in order to give the scholar the satisfac- 
tion of seeing how much he could do with the few elements 
he had learned, to present the connection between theory 
and practice in its proper Kght. Now this last iiS divested 
c«f its accessories, to submit it to the principles of the theo- 
ry, and thereby to present to the scholar an evident useful" 
aim in his studies, that might encourage him to mental 
exertions. 

§ 120. In the Third Part, treating of ratios and pro- 
portions, I considered myself both bound by true principle, 
and authorised by the progress of the scholar, to treat the 
subject as the beginning of the elements of the actual sci- 
ence of quantity ; the principles being so few and simple, 
the task appeared to me, only to lay them well open to the 
scholar, and to show him all their bearings and conse- 
quences ; a defective treatment of this part of aritiimetic 
cimnot but destroy, instead of cultivating, the reasoning 
and understanding of the scholar. These reasons deter^ 
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tnined me to a more detailed application to examples fully 
worked out, as ikey both help to explain the princ^>les, and 
make their application pleasa^nt. 

The use of letters to denote a quantity before its deter- 
minatioil, C4)peared to me proper to be introduced, so as 
gradually to habituate the scholar to more general consi-: 
derations in regard to quantity, not servflely attached to 
the figures of our system of enumeration. 

§ 121. After the steps made in the Third Part, I hope 
to need no excuse for the greater degree of generalization 
which has been introduced in the Fourth, except to say : 
thkt it was done with the avowed intention of leading the 
scholar imperceptibly into the entrance of algebra. It is 
absolutely useless to teach these parts by rules ; no scho- 
lar ever remembers them ; and he whose memory is me- 
chanical enough for this, seldom knows where they are 
applicable. They are therefore useless to him ; and to 
omit teaching properly the principles of these parts, is an 
injustice towards the student of arithmetic, who wishes to 
prepai;^ himself by it for higher studies. 



QUESTIONS FOR THE FOURTH PART. 

ARITHMETIC PROGRESSION. 

1. A Bets out 'from one place, atid B from another, 360 miles dis- 
tant from A : they travel towards each other, so that A performs the 
first day 40 miles, the second 3S, the third 36, and so on, decreasing 
his rate 2 miles daily. B begins the first day, and travels 20 miles, 
thcssecond 22, increasing^ his rate 2 miles «very day ; in how many 
days will they meet ? Jlns. 6. 

2. Find the sum of th^ series of natural numbers up to 100. 

Jns. = 5050. 

3. Find the sum of the series of even numbers up to 100. 

.4!n5.' :*= 2550. 

4. Find the sum of the series of odd numbers up to 200. 

• 4»«. = 10,000. 

5. Two travellers setting out together from the same place, A tra- 
vels the first day 8 miles, and increases his rate four miles every day. 
B goes 25 miles per day firom the beginning ; how many days wUl 
they be in. meeting again? •A9i8..15,5dav8. 

6. It is required how far 125 stones must be placed at equal dis- 
tance from each other, that the siun of their distance firom a pmnt 20 
yards before the first, may be exactly equal to 5 miles ? 

7. How n^any esira wiu he needed to lay 4 feet apart to occasion 
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a man who haa to {Hck fhem tip one by one, and bring them to a bas> 
k0t 3 yards behind the first, to have to walk 3,75 laoKa ? 

8. To find 7 arithmetic means -between 6 and 46. 

9. How manjf strokes does a clock strike in one whole day, by 
our common (^vision of time, striking from ] to 12. twice per day. 

10. A man having to pibk up 103 eggs laid in a row on the ground 
at one yard fimm ei£h other, and cany them in a basket at two yard» 
from the first, while another has to walk a distance of three miles 
from the same place and back again, which of the two has the ad- 
vantage in thff mstance to be wauLed through ?. and how much ? 

Jlns. The one who walks, has only 56 yards more to walk. 

1 1. I^one cent is placed on the first square of the diess board, and 
one more <mi each subsequent square, hoiv many dollars will be on 
the whole board ? Jins, $20,80. 

GEOM£TIU€ PROGRESSION. 

L What is the sum of one hundred tenns of the powers of 2 ? 

2. What is the sum of 30 terms, of the powers of 3 ? 

3. The first term of a geometric series being 29, and the ratio }, 
what will the 25th term be T 

ALLIGATION. 

1. A man in a month of twenty-rax working days works 6 days at 
the rate of $1,15 a day, 5 days at 75 cents per day, 3 days at $2 per 
day, 10 days at $1,50 a day, and is idle the 2 remaining days ; kt what 
rate per day does he earn, counting the whole of the 30 days in a 
montn? 

2. What is the fineness of a mixture of 2 oz. of gold 23 carats fine, 
7 oz. 22 carats fine, 9 oz. 17 carats fine, and 3 oz. 20 carats fine ? 

3. A merchant sold a quantity of cloth, namely, IM yards at $3,75, 
which cost him $3 per yard, 720 yards at $5 the 3^rd, which cost 
him $3,75 per yard, 306 yards at $7,50 per yard, which cost him 
$6,35 per yard, and 100 yards at $2,50, which cost him $2 per yard ; 
how much did he make per yard on an average ? 

4. A mixtiu'e is to be made of silver, some of which has cost $1.10 
per oz., some 97 cents per oz., and the rest 88 cents per oz. ; the 
mixture is to weigh 3 lbs.; how much is to be put in of eadi, to 
make the intrinsic value of the silver just a dollar an ounce ? 

COMPOUND INTEREST AND ANNUITY. 

1. A man having an income of $5000 a year, saves one quarter of 
his income a year, which he puts to interest : what will be the 
amount of his savings in 12 years, at compound interest, at 5 per 
cent, per annum ? - 

2. A trader Uvinff at the yearly expense of $500, and trading with 
the rest of his stock, augments it one third every yeai*; at the end 
of the third year his stock is doubled ; what was his original stock 1 

3. If- a man spends every year his whole annual income, and one 
c}uarter of that sum in addition, which he takes firOm his capital bear- 
ing interest at 6 per cent. ; how tnany years will he be in speeding 
the whole capital itself, from the first beginning ? 
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FROMISCUOUS QUESTIONS. 

1. Thd Bides of two square pieces of ground, are as 3 to 5, and the 
sum of their, superfidal conteixt is 80600 square feet ; what is the 
length of the sides of each? Jhis, 90 feet and 150 feet. 

8. Three joung men entering into partnership, agree to make a 
common stock, to which each shall contribute in the ratio of the suni 
of the ages of the two'otiier partners. A is 24 years otd; B,27 years; 
and C, 31 years ; what will be the share of each ? 

3. A parcel of tobacco is sold, some at 12 cents per. pound, the 
rest at 15 cents per pound ; the prc^rtion of the first to the latter, 
was as ) to 1^ and the amount or the sale $380 : how many pounds 
were there of each kind? • a^. J Of the first, 1500 lbs. 

•*"**Jofthe2d, 1333ilbs. 

4. A grocer bou^t cofiee, 3 bags of 80 lbs. at 21 cents per lb., B 
bags of 58 lbs. at %4 cents per lb., and 9 bags of 90 lb& each, at 13 
cents per lb., and sold the whole together at 22 cents the pound ; 
what aid he make by it ? >Ans. $47,84. 

' 5. What fraction is t|»it, to the numerator of which, if 1 be added 
it becomes l, and if 1 be added to the denominator, it becomes i ? 

6. The captain of a vessel» of m^ich he owned i. Bold out the haif- 
of his share ;. he had hefat» the sale $350 annual profit from it, .be- 
sides his wages; how much reiaains to him annually after the sale 
of this part 43* his share? 

7. A dipaper s^dd fix>m a piece of cloth, ^ at $5 the yard, one fifth 
at $4 per yard,, and one sixth at $4,50 per yard ; by this he obtained 
$168 ; how many yards were there in the piece ? ' jSns, 60. 

8. On die first of Januuy 17^, a. royahst in Europe agreed with 
a democrat to pay him 3 cents per day, until the restoration of the 
Bourbons, on condition of his paying him one louis d'or on $4,44, 
every day ailer iJmt restoration. Ttuung the first of Au^st, 1814, 
for the day of the retura of the Bourl^ns, how would -their ac- 
count stand on the first of January, 1827, omitting all interest ; and 
how, on calculating compound interest for every day firom the epoch of. 
these paynMsnte to the first of January, 1827, at 5 per cent annually ? 

Without interest, the first would have paid $236,43. 

the second $21760,44. 

9. A^merdiant ^ins in trade such a, sum, that $320 has Ihe^same 
ratio to it, as five times the sum has to $2500 ; what did he gain ? 

*ina, $400. 

10. Two brothers comparing their ages, find that the sum of both 
&ges is to that (^ the elder, as 19 to 7, and to 30, as 9 to the age of 
the other; what are their ages? * j^^ < 21 

I 9. 

11. The dififerepce of the sides ^f two square rooms is' to the side 
of the greater, sjb 2 to 6, and the diSerence of their square content, « 
is = 128 feet ; what are the sides of each of these rooms? 

12. The pEofits of two men in their work, are as 8 to 5, and thf 

IB 
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pcodoct of the numbers expresniig their profits is 360; what was the 
profitofeach? . ^-{l^. 

13. A joint stock is made up hy five partners, who joining at dif> 
ferent times, lay together as follows : 

A has given 91^620, which laid in the common stock 6 ys. 6 ms. 
B — 73921, - -- - - - 4 2 

C — 39567, - .--.78 

i) — 60220, - - - - - 8 4 

E — 6943, - - - - - 8 4 

The capital is to be divided at the end of the time, and found to be 
double the amount put in by the stockholders ; what is the share of 
each, in the whole amount ? 

14. Foiu: merchants make a joint stocky under the following ar- 
rangements. A put in 1^15000, which remains 8 years and 6 months, 
darmg which time the association lasts-; it is agreed, that as he is to 
take the chief direction, he shall have two per cent, previous of all 
profits^ besides his share in the remaining profits. B puts in $20600 
at the beginning. C puts in $13200 one year afler tne be^nning ; 
and as he is to work m the partnership, he is to have one and a half 
times the* share of the profits which his capfital would' erititjie him td', if 
he waanot to work. •!> joins two and a half years afler the beginning, 
with a capital of $60450 ; the partnership being dissolved, and the 
whole profits made beinff^ $80560, what is the share of each? 

15. What will be the degree of heat of a mixture of 10 lbs. of wa- 
ter 100 degrees warm, 16 n>s, at .80 -degrees warm, and 5 lb. at 212 
degrees warm ? • , 

16. How much water 40 degrees warm must be added to the pre- 
ceding mixture to make it 65 de^es warm? 

1 7. If one man travels 52 miles m a day, walking 12 hours, tend ano- 
ther 61 miles in 11 hours, what will be, gained in time, on each, by 
sending both at the same time to meet from two places 180 miles 
from each other, to exchange dispatches, instead of sending them 
each the whole mstance ? 

la If 21000 bushels of oats last 200 horses at | bushel p. day, 2] 
days, how long will'3700 bushels last to 760 horses at | of a bushel 
per day ? 

19. What provision must be made for an army of 9560 men in 
bread, if they shall receive 2 lb. per day for 70 days ; if experience 
shews that 5000 men will in 25 days use 312500 lb. at 2^ lb. per 
day? 

20. The product of two numbers is 63, and the s(]|uare of their sum 
is to the square of their difference as 64 to 1, what are the numbers? 

w3rw. 9&7. 

21. The diflevence of two nmnbers when divided by the lesser is 
equal to 48 divided by the greater • find when divided by the greater 
is equal to 3 divided by the lesser ^ what «l<e the two numbeid ? 

Jhi8^ 4 & 16. 



TABLES 

Of A$ Proportional Subdivistonsy or Denominate Frac» 
UonSf of Weights^ Meaeures^ TinUy ^c. 



Explanation. — In the follo\{ing tables, the denomina- 
tion's of the subdivisions will be found written in full, at 
the bead of each table, and in their usual abreviations 
within the tables themselves. The first number of each 
square, is the number of units of each subdivision requir- 
ed to make the unit of the kind foimd at the right hand ; 
and the lower number in the same square, is the decimal 
fraction corresponding to the same subdivision and unit, 
carried to 7 decimals. 

TIME. 



Seconds. 
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YearM. 


ft 
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CIRCULAR PARTS. 



Seeends. 


JSxnxdti. 


Degrees. 


Ctrcuwi-' 
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CUBIC MEASURE. 



Inches, 


Feet. 


Yardt. 


Fathonu. 


in. 

1728 

0, 0005^87 


/v 
1 


• 




46656 
0,00002143 


27 
0,037037 


1 


376648 
0,00000265 


216 
0,0046296 


8 
0,125 


ph. 
X 



CLOTH MEASURE. 




Inches* 


JfaUt. 


Quarters. 


Yards. 


r 

e. 

1 


in. 

2,25 

0,4444 


nlJ 
1 


V 




9 
0,111111 


4 
0,25 


qr. 

1 


36 
0,02777 

45 
0,02222 


16 
0,0625 


4 
0»25 


1 


20 
0,05 


5 
0,2 


1,95 
0,8 



DRY MEASURE. 



Bints. 


QaUans. 


Pecks! 


Bushels. 


ft. 

8. 

0,125 


1 






16 
0,0625 


2 
0,5 


p*. 


64 
0,015^25 


8 
0,125 

^ .'ij 1. 


4 6. 1 

1?'^^ V 1 



Eight Bushels make a Quarter ; but as this is not used io any 
pert of this iaoantry, any more than the Wey and Last) we haye 
oinitted them. 
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HabSt alone ^^^anninw, in different oaantriea where then 
neBiarw are osad, In whii^ porpoaei the tvo di8er«Dt mauarei 
of Itqailb are apfdivd beiidea tha tw» liqiwila oT which they bear 
the ^""^ *'<^ "l"' habili tut from time (a time. la the itote 
«f New^Torfc, Bht mmmn ii little lued, but the onluiai7 aua* 
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BEER MEASURE. 



Pints, 



» 2 
0,5 



Quarti, 



8 
0,125 



288 



9- 
_1_ 

4 

0,26 



Gallons. 



Barrels. 



144 



0, 0Q347b, 00694 0, 02777 



fir- 

1 

36 * 



482 



864 



216 



432 



54 



108 



Hogsheads. 



1 



1,5 



3 



Bulls. 



hhd. 
1 



2 



h. 



TROY WEIGHT. 

(Used for Gold, Silver, Jewels, and retail dealing.) 



Qrains: 


Pennyweights. 


Ounces. 


Pounds. 


gr. 

24 

0,0416666 


dwt. 
1 


1 


. 


480 
0,0020833 


20 
0,05' 


on. 
1 


5760 
0,0001736 


240 
0,0041666 


12 W. 1 
0, 08333 1 1 



APOTHECARIES' WEIGHT. 

(Used in compounding; Medicines.) 



5S 



GratTU, 



gr- 
fiO 

0,05 



Scruples. 



se. 
I 



60 
0,016566 



480 
0,0020833 



6760 



8 

0,333 



24 

6,041666 



288 



0,0001736 0,0034722 



Drachms. 



dr. 
1 



8 
0,1% 



&6 
0,01041660 



Ounces. 



Pounds. 



09. 

1 



12 [T 

,08338). 1 
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ATOIKDTJPOIS WEIGHT. 
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Draehtnt. 


Ounett. \ Poundt. |Qiiarier«. 


■ 

ewt. 

1 

20 
0»05 


Tbtu. 


dr. 

16 

0,0625 


oz. 
1 

" 16 
0,05555 




- 


■ 


256 
0,0039014 


/6. 
1 


7168 
0,0001395 


448 
0,0022321 


28 
6,0357143 


1 


28672 


1792 
0,0005580 

35840 


112 
0,0090178 


4. 
0,25 


573440 


2240 
0,0004464 


80 
0,0125 


ton. 
1 



dufi. gr^ 

11. 16 

18. 5 

1. 3 



Troy. 



n 



Thii kind of weight is osod iajetery other case ofmercantil* 
transaotioii, whetlMr in the great transactions of general oom- 
tcerce, or in the retail trade. 

08, 

i lb. Avoirdapois ^ 14. 

1 08, „ ^ 

1 dr. «, s^ 

, Before the last law in England^of 1825, regulating weichts and 
measures, the following were the cubic contents of the diflerent 
nteasures of capacity; w- 1 ■ 

The Bushel, 2150f cubic inches ss a cjrlinder B in« deep, 18,5 
is. diameter* 
The Grallen, dry measure, 2681 cubic inches. 

„ .„ for beer, 282 „ „ 
^ „ for wine, 231 „ „ 

Thesa tw« latter gallons have to each other Che same ratio as 
the weights Ayoirdnpois and Troy. 

By the law of 1825, the Bmhel contains 2217,6 cubic inches. 

theGaUon „ 271,2 „ 

^uid iii used indiscriminately for dry and liquid measure. 

The capacities are determined, not by meuurement of the cu- 
bic contents, bat by the weight of pure water at the temperature 
of 62^ of Fahrnheit's thermometer contained in the vessels $ the 
bushel Uftlding 80, and the gallon 10 lbs. avoirdupois. 

The standard of lineal measure of the State of New-Yovk is the 
yard. Its leagth is by statute determined from the pendidum vi- 
brating seconds at Columbia College, to which it bears the' ratio of 
one minion to one million eighty-six thousand one hundred and forly- 
oae^lj UfmUU 

The pendulum bemg found by the ezpeiiments of Sabine to be 
39,10107 inchea. ' * 

The unit of weight is the pound, of such ma^tude that a oubie 
foot of svater at ita maximum density, weighs sucty-two and a half 
pound0| or one thousand ounces. 
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The DDit of mauorea of capacity ii Ihe fallon, whidi holili az- 
actlj ten poniiih of wafer, at tha maziniam of dauaity ; the baaW 
hotda exactly aigtitj pounili of water at ita niazimijol daoiity: 

Thia atatate was paaied in September, 1G97, and will go into 
effect OD the lat January, 1829. 
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